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Abstract. Lutwak (4dv. Math., vol. 118(2), 1996, pp. 244-294) defined the notion
of L,-geominimal surface area based on L,-mixed volumes. Recently, Wang and Qi (J.
Inequal. Appl., vol. 2011, 2011, pp. 1-10) introduced the concept of L,-dual geominimal
surface area based on L,-dual mixed volumes. In this paper, based on L,-dual mixed
quermassintegrals, we define the concept of L,-dual mixed geominimal surface area
and establish several inequalities for this new notion.
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1. Introduction and mainresults. Let X" denote the set of convex bodies (compact,
convex subsets with non-empty interiors) in Euclidean space R”. For the set of convex
bodies containing the origin in their interiors, the set of convex bodies whose centroids
are at the origin and the set of origin-symmetric convex bodies in R”, we write K}, K!!
and K7, respectively. S denotes the set of star bodies (about the origin) in R". Let
S~ denote the unit sphere in R”, and let V(K) denote the n-dimensional volume of a
body K. Let B denote the standard Euclidean unit ball in R” and write w, = V(B) for
its volume. We also note that i/ denotes any real number in this paper.

The notion of geominimal surface area was introduced by Petty[17]. For K € K",

the geominimal surface area, G(K), of K is defined by

wp G(K) = inf{nVy(K, O)V(0") : 0 € K.

Here O* denotes the polar of body Q, and V (M, N) denotes the mixed volume of
M, N € K" (see [11]). For other important affine notions of surface area, in particular
affine surface area, see [7, 8, 9, 21, 25, 26].

Both affine surface area and geominimal surface area are unimodular affine
invariant functionals of convex hypersurfaces. Isoperimetric inequalities involving
geominimal surface area are not only closely related to many isoperimetric inequalities
involving affine surface area but, in fact, also clarify the equality conditions of many
of these inequalities. Lutwak [15] demonstrated that there are extensions of all of the
known inequalities involving affine and geominimal surface areas to L,-affine and
L,-geominimal surface areas which are part of a new L,-Brunn—Minkowski theory
initialized by Lutwak. In particular, Lutwak [15] discovered an important relationship
between L,-affine and L,-geominimal surface areas, which has found a number of
applications (see, e.g., [22, 28]).

Based on the notion of L,-mixed volumes, Lutwak [15] introduced L,-geominimal
surfacearea. For K € K, p > 1, the L,-geominimal surface area, G,(K), of K is defined
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w0 Gy(K) = inf{nV,(K, Q)V(0"): : 0 € K. (1.1)

Here V,(M, N) denotes the L,-mixed volume of M, N € K, (see [15]).

If p =1, G,(K) is just Petty’s geominimal surface area G(K).

A dual theory to the L,-Brunn—Minkowski theory (i.e. the theory of L,-mixed
volumes and related concepts) was also developed by Lutwak (see [3, 6, 13, 14, 19, 27]).
Based on the notion of L,-dual mixed volumes, Wang and Qi [24] gave a definition of
L,-dual geominimal surface area as follows: For K € §7, p > 1, the L,-dual geominimal
surface area, G_,(K), of K is defined by

wn " G_y(K) = inf{n¥ (K, Q)V(Q") % : Q e KL}, (1.2)

Here v,p(M , N) denotes the L,-dual mixed volume of M, N € & (see [15]).
For this new notion of L,-dual geominimal surface area, Wang and Qi [24]
established the following geometric inequalities.

THEOREM 1A. If K € 8", p > 1, then

ntp

G (K) = noy " V(K)
with equality if and only if K is an ellipsoid centred at the origin.
THEOREM 1B. If K € K, 1 <p < n, then
G_p(K)G_p(K*) < (n,)’
with equality if and only if K is an ellipsoid.

THEOREM 1C. If K € S, 1 <p < g, then

G Ky \" _ [ G&) '
V(K |~ \ (Kt |

The quantity

G (K \’
n" V( K)n+p

is called the L,-dual geominimal surface area ratio of K € SJ.

Wang and Leng in [23] extended the notion of L,-dual mixed volume to a
family of L,-dual mixed quermassintegrals. The main aim of this paper is to define a
corresponding notion of L,-dual mixed geominimal surface areas based on L,-dual
mixed quermassintegrals, and to extend the above inequalities to the entire family of
these new L,-dual mixed geominimal surface areas.
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ForK € §),p > land 0 < i < n, we define the L,-dual mixed geominimal surface
area, G_, ;(K), of K by

oGy (K) = inf(n_, (K. QTAQ™Y 7 : Q € KL, (13)

Here W(M ) denotes the dual quermassintegrals of M € S/, and W,p, {(M, N) denotes
the L,-dual mixed quermassintegrals of M, N € S} (see Section 2).
From definitions (1.2) and (1.3) and formula (2.12), it follows that

G_po(K) = G_p(K).

The main results can be stated as follows: First, we establish the extended form of
Theorem 1A, given by Theorem 1.1, and also obtain Theorem 1.2, which is the dual
form of Theorem 1.1.

THEOREM 1.1. If K € §!, p > 1 and 0 < i < n, then

nip—i

~ 2
G_pi(K) = nw, " Wi(K) 7,
with equality if and only if K is a ball centred at the origin.

THEOREM 1.2. If K € KI, p > 1 and 0 < i < n, then

2n—2itp wipi

G_pi(K) < nw, ™ Wi(K*) ™"

with equality if and only if K is a ball centred at the origin.
Moreover, we obtain the extended versions of Theorems 1B and 1C.
THEOREM 1.3. If K € K, p> 1 and 0 < i < n — p, then
G_p(K)G_p i(K*) < (neo,)?
with equality if and only if K is a ball centred at the origin.

THEOREM 1.4. If K € S), 1 <p <qand0 < i < n, then

1 - ) 1
G_p’i(K)nfi P - G_q.i(K)nfz q
i ’I)V”l( Kyrtr—i =\ i ﬁ/’i( Kyrta—i :

We call

1
G_p’i(K)nfi P
i 'V‘V“i(K)nﬂa—i
the L,-dual mixed geominimal surface area ratio of K € SJ.

Finally, we obtain the following Brunn-Minkowski-type inequality for L,-dual
mixed geominimal surface area.
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THEOREM 1.5. If K, L € S!, A, u > 0 (not both zero) andp > 1, then for 0 <i < n
G piOn- K+_p - L) 77 = 4Gy i(K) 77 + uG_p (L) 7,
with equality if and only if K and L are dilates.

Here A - K +_, - L denotes the L,-harmonic radial combination of K and L (see
(2.4)). For log-concavity properties of other important geometric functionals we refer
to[1, 16, 20].

The proofs of Theorems 1.1-1.4 will be given in Section 3 of this paper. In Section
4, we give the proof of Theorem 1.5.

2. Preliminaries.

2.1. Radial functions and polars of star bodies and convex bodies. If K isa compact
star-shaped (about the origin) set in R”, then its radial function, px = p(K, -) : R"\
{0} —> [0, 00), is defined by (see [2, 18])

p(K,u)=max{A>0:1-ueckK}, ueS

If pg is continuous and positive, then K will be called a star body. Two star bodies
K and L are said to be dilates (of one another) if pg(u)/ oz (1) is independent of u € S"~!.
If K € K}, the polar body, K*, of K is defined by (see [2, 18])

K={xeR':x-y<1,yeK} 2.1
Clearly,
(K" =K. (2.2)

For K € K and its polar body, the well-known Blaschke-Santal6 inequality can
be stated as follows (see [12]).

THEOREM 2A. If K € K[, then
VK)V(K*) < o (23)

with equality if and only if K is an ellipsoid.

2.2. Dual quermassintegrals and L ,-dual mixed quermassintegrals. ForK, L € S,
p>1and A, u > 0 (not both zero), the L,-harmonic radial combination, A - K +_,
n-L eS8, of Kand L is defined by (see [15])

IO()\’ -K +—]) - L7 ')717 = )\'IO(K9 ')717 + I’LIO(L’ ')7])' (24)
For K € S} and any real i, the dual quermassintegrals, Wi(K), of K are defined by
(see [10])
~ 1 .
Wik = [ o ias. @.5)
Sfx—l
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Obviously,
~ 1
Wok) = /S (K, 0" dS@) = V(K) 2.6)

Based on L,-harmonic radial combinations of star bodies, Wang and Leng [23]
introduced the notlon of L,-dual mixed quermassintegrals as follows: For X, L € S,
p>1,e>0,reali+#n, the L,-dual mixed quermassintegrals, W_,, (K, L), of K and
L are deﬁned by (see [23])

—i~ Wi(K+_ye - L) — W{K
n lWipyl'(K, L) — lilfI(l)Jr l( + pS ) l( )'

2.7)

&

The above definition and Hospital’s rule give the following integral representation
of L,-dual mixed quermassintegrals (see [23]):

~ 1
Wik D= = [ o i s, )

where the integration is with respect to spherical Lebesgue measure S on S"~!. From
(2.8) and definition (2.5), we get

W i(K, K) = Wi(K). (2.9)

The Minkowski inequality for L,-dual mixed quermassintegrals states the
following (see [23]).

THEOREM 2B. If K, L e S),p>1,andi # n, thenfori <norn <i<n+p,

W_pi(K, L) = Wi(K)"7 WLy (2.10)

fori > n+ p, inequality (2.10) is reversed. Equality holds in either case if and only if K
and L are dilates. For i = n+ p, (2.10) holds with equality for all K and L.

Recall that Lutwak [15] introduced the L,-dual mixed volume as follows: For
K,L e S),p>1,the L,-dual mixed volume, V_p(K L), of K and L is defined by

~ VIK+_,e-L)— V(K
LV K L) = K¥pe L) VK @.11)
—p e—>071 £
From (2.11), (2.6) and (2.7), we see that
W_po(K, L) = V_y(K, L). 2.12)

3. Proofs of Theorems 1.1-1.4. In this section, we will prove Theorems 1.1-1.4.
First, we need the following lemma for the proofs of Theorems 1.1-1.2.

LemMmA 3.1 ([10]). If K € K and 0 < i < n, then
WA(K) < i V(K)', 3.1)

with equality for 0 < i < nif and only if K is a ball centred at the origin.
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Proof of Theorem 1.1. From definitions (1.3), (2.10) and (3.1) and the Blaschke—
Santalo inequality (2.3), we have that for0 <i < n

v

w7 G_p(K) = inf{nW_, (K, Q)W(Q* Q€ /c"
> inf{n Wi(K)“" [W-(Q)W(Q*)] Qe K

n—i_

> 1rlf{nW(K) ol (VQVQ) T Qe K}

ntp—i

>na),,”’W(K)n1,

ntp—i

p,(K) > now, " W(K) i (3.2)

By the equality conditions of (2.10), (3.1) and (2.3), we see that equality holds in
(3.2) if and only if K is a ball centred at the origin. O

Proof of Theorem 1.2. From definition (1.3) and inequality (2.10), we have for
O<i<n

oK) Gy i(K)
= inf{nW_, (K, Q)W(K*)*7 W(Q*) 77 : Q € KI'}
< inf{n W_p,i(K, 0) W_p,[(K*, 0":0¢ ICZ’}. (3.3)

Since K € K, taking Q = K, it follows from formulas (3.1), (3.3) and (2.3) that

oK) Gy i(K)
< 1nf{nW(K)W(K*) K e K}
< mf{na)n [V(K)V(K*)]™ : K € K"}

= nwi
1e.
W2itp n+p—i
G_pi(K) < nw, " W(K*)‘?. (3.4)

By the equality conditions of (2.10), (3.1) and (2.3), we see that equality holds in
(3.4) if and only if K is a ball centred at the origin. O

Proof of Theorem 1.3. From definition (1.3), it follows that for any Q € K

0n " G_pi(K) < nW_ (K. Q)WH(Q") 7. (3.5)

Since K € K7, taking Q = K in (3.5), we get that
P ~
wn " —p i(K) < nw._ pz(K K)W(K*
ie.

P

0n "Gy i(K) = nWK)W(K*) 7. (36
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Similarly,
_P ~ —~ —~
wn " G_p AK*) < nWAK*)Wi(K) . (3.7)

Combining (3.6) and (3.7), we getfor0 <i<n—p

—i’v ~ 2 n—i  n—i—p
w0 " G_p (K)G_p (K*) < mPlwy (V(K)V(K*)'7 |7
2(n—i—p)
S n a)n " ’
ie.
Gy (K)G_p {(K*) < (nw,)?. (3.8)
By the equality conditions of (2.3) and (3.1), we see that equality holds in (3.8) if
and only if K is a ball centred at the origin. ([
Proof of Theorem 1.4. From (2.8) and 1 < p < ¢, we have by Holder’s inequality
~ 1 .
W_pi(K, Q) = - /S - px )" po(u)PdS(u)
1 : e _gp
= | Towt@r o] [ty =] asw)
< WK, Q)1 W(K)'T,
ie.
w_, (K, ’ W_, (K, ]
(F2) = (52 (3.9)
Wi(K) Wi(K)

Thus, from definition (1.3) and (3.9), we get for0 <i < n

i afp,i(K)nii %
Wy nnfi’[/\Vdi(K)nerfi
— inf { ( W-pilK. Q)) 7 e
Wi(K) Wi(K)

:QGICIT}

<inf : ( W_ii(K’ Q))q Wi(,Q*)_l RS K?}
Wi(K) WiK)

~ . 1
1 G_q,,‘(K)n_l q
wy, nn—i W(K)n-&-q—i ’

A

that is

1

1 ~ . ;
G_p,,'(K)n_l ? - G—q,i(K)n_l 1 -
nh—i FI/\I;'I,(K)nﬁn—i -\ pn—i FI/IZ(K)IH—({—I’ '
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4. Brunn—Minkowski-type inequalities. In this section we study Brunn-
Minkowski-type inequalities for L,-dual mixed geominimal surface areas. First, we
prove Theorem 1.5. Next, we show that for L,-radial combination of star bodies, we
also have a Brunn—Minkowski-type inequality. The proof of Theorem 1.5 requires the
following lemma.

LEMMA 4.1. If K, L€ S, p>1, A, u >0 (not both zero) and 0 < i < n, then for
any Q € 87,

WopiOo- K+ - L, Q) 7 > AW, (K, Q) 7 + uW_, (L, Q) 77,  (4.1)

with equality if and only if K and L are dilates.

Proof. Since 0 <i<mn, we have —(n+p—1i)/p <0. Hence, by (2.8) and
Minkowski’s integral inequality (see [5]), we have for any O € S),

W_pi(h- K +_p - L, Q) i

- I

1 . T ntp—i
== / p(x~K+pu-L,u)"ﬂ-'p(Q,u)-ﬂdS(u)}
L7 J g
= 5/54 (p(k-KJr—pM'L,u)"’p(Q, u)”*ﬂl) dS(u)}
1 2N\ N
- Z[m ((AP(K, w) P+ po(L, u)™)p(Q, u)"*”"> dS(u)}

- [1 f p(K. 17 (0, u)PdS(u)}””
i1

n

1 : ~
+u [— f p(L. )7 0(0. u)PdS(u)]
n Sn—l

)

= AW _p (K, Q) 77 + uW_p (L, Q) 707,

That is,

Wi K oy i L, Q77 = AW K, O o g (L, Q).

By the equality conditions of Minkowski’s integral inequality, we see that equality
holds in (4.1) if and only if K and L are dilates. O
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Proofof Theorem 1.5. From definition (1.3) and Lemma 4.1, we obtainfor0 < i < n

__pr
nip—i

[w; ﬁ&';_p,i(x-Kﬂpu-L)]
:inf{[nw_p,i(x-KJr_,,u-L, Q)W’,-(Q*)*%] L0 e IC”}
- inf{[n’vff_p,i(,\ K+ L)) 7 [Wio **]_7 Qe /cg}
> inf { [,\ (n_, i(K, Q))_#*' 4 (nWp (L, Q))‘ﬁ]
x [Wioy ] 7 ge /C"}

zinf{x[n'W_,,,[(K, O WO —nf-] o Qe IC”}

+ inf{ [nW,pl(L Q)W(Q L ,.] i Qe IC?}

/z+/7 i /1+p i

= [ _%5—”(1()]

This yields

+M[‘Un - —pz(L)]

Gopih - K4yt L) 757 > AG_p i(K) 77 + Gy L) 77 (4.2)

By the equality conditions of (4.1), we know that equality holds in (4.2) if and
only if K and L are dilates. O

For K, L e S},p>1and A, u > 0 (not both zero), the L,-radial combination,
LoKF,uoL €S of K and L is defined by (see [4])

p(hoK+ppuoL, Y =rp(K, -V + up(L, Y. (4.3)

Based on definition (4.3), Wang and Qi [24] obtained a Brunn—Minkowski-type
inequality for L,-dual geominimal surface area.

THEOREM4A. If K, L € K", p > 1 and A, u > 0 (not both zero), then

0s’
G_p(h 0 KFnipi o L) = AG_p(K) + uG_p(L)
with equality if and only if K and L are dilates.

Here we extend Theorem 4A and establish the following Brunn—Minkowski-type
inequality for L,-dual mixed geominimal surface areas. Using definition (4.3), our
result can be stated as follows.

THEOREM 4.1. If K, L € S}, p > 1, A, u > 0 (not both zero) and 0 < i < n, then
a—p,i()L o K‘T‘n-&-p—iﬂ o L) = )La—p,[(K) + Ma—p,i(L)

with equality if and only if K and L are dilates.

https://doi.org/10.1017/5S0017089513000244 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089513000244

238 YIBIN FENG AND WEIDONG WANG

Proof. From definitions (1.3) and (4.3), we have for 0 <i < n

on " Gpilh 0 Ky o L)
— inf {n’u“/_,,,,-(x 0 KFnipitt o L, Q)WAQ) %1 Q € /c'g}
= inf [n[A T, (K, Q) + W, (L, Q)] Wi Q") # : 0 < K2
= inf { ATV (K, QWHQ") 7 + nu W (L, OTAHQ'Y 1 : Q € K]
> inf {7, (K, QW0 7 : 0 e K1
+ inf {nu BV, (L, QWO 7 : 0 e K1
— 002G (K) + 00" pGpi( D).
Thus,
G_pi(h 0 KFpip-itt 0 L) = AG_p {(K) + G _p (L) (4.4)

Equality holds if and only if A o K+,4,_;u o L is a dilate of both K and L. This
means that equality holds in (4.4) if and only if K and L are dilates. O
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