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1. Introduction. Let X be a Banach space and let B(X) denote the space of
bounded operators on X. Two elements S, T € B(X) are isometrically equivalent if
there exists an invertible isometry ¥ such that TV = VS. If X is a Hilbert space, then
V' is a unitary operator and S and T are said to be unitarily equivalent.

The unitary equivalence of operators on Hilbert spaces has a rich history.
However, necessary and sufficient conditions for the unitary equivalence of two
operators are known only for a relatively small class of operators. Only recently has
this problem been considered for operators in Banach spaces which are not Hilbert
spaces. The equivalence of certain integral operators on L” ([0,1]) was investigated
by G. Kalisch [9] while Campbell and Jamison [4] considered the isometric equiva-
lence of weighted composition operators acting on L”(u) spaces. Randall Campbell-
Wright [5] was the first to investigate the isometric equivalence of composition
operators on the Hardy spaces H” on the unit disc.

In [8] the authors extended R. Campbell-Wright’s results to various classical
Banach spaces of analytic functions in the unit disk or ball. In this paper we consider
the isometric equivalence of composition operators on two spaces of analytic vector-
valued functions. Let K denote a separable complex Hilbert space and let Hy., p # 2,
be the associated Hardy space of analytic functions with values in K. The isometric
equivalence problem is solved for composition operators in this setting using the
results of P. K. Lin [11] on surjective isometries of these spaces. We also consider the
spaces Sy of functions analytic on the disk with derivatives in the Hardy space Hy..
We characterize the isometries of this space, extending results of the scalar case due
to Novinger-Oberlin [13] and solve the isometric equivalence problem for composi-
tion operators on this space.

2. Composition operators on /. Suppose that B is a complex Banach space, and
denote by HY the space of all holomorphic B-valued functions defined on D, the unit
disk. A function F € HY, is said to belong to Hy if

1

27 ) dt —
1= [ sup [ 1RGN ol < o

For F € H};, membership in H), is equivalent to the existence of a harmonic major-

ant for | F(z)|5. (See [14] for a proof.) With the norm ||-[|, 5 defined above, Hy is a
Banach space. The characterization of H); in terms of the existence of harmonic
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majorants is particularly useful in establishing the following analogue of the Little-
wood Subordination Theorem for Hf.

Suppose F € HY, and that (p is an analytic self-mapping of D. Whenever G(z) is a
, it is clear that G o ¢(z) is a harmonic majorant of
|Fo¢z)|} Thus every analytlc self-mapping ¢ of the disk induces a composition
operator Cy, : Hy, — HY, by (C,F)(z) = F(¢(z)). Note that for each A in the unit ball
of B* we have

2 . dt
IAFIP=sup J |AF(re”)|” < supJ ”F(re")u’l;z_: 1FI2,
0 g B

O<r<l
and for re®® € D we have

(AF(re)| = o

J (AFY ()P (6 z)—‘

where (AF)* is the representation of AF as a function on I' = 9D, and P,(0) is the
Poisson kernel. Thus we obtain the inequality

1+r
Jmax. |Fre®) | = sup{|A(F(re”))| : 0 < 6 < 27, [ Al p=1} < T 1 -

We observe that convergence of a sequence {F,} in H implies convergence in the
compact-open topology of HY.

Suppose that ¢ is as above and {F,} is a sequence in Hf converging to 0 for
which the sequence {C,F,} = {F, o ¢} converges to some G € Hy. Now for each
r € (0, 1), we have

bt _

[ 16t e = i [ ot e

n—o0

since {F),} converges uniformly to 0 on the compact set 3 (rD). It follows that G is the
zero function, and continuity of C, follows from the Closed Graph Theorem. We
formalize the above as a theorem.

THEOREM 1. For each analytic self-map ¢ of the unit disk, the composition opera-

tor Cy : Hyy — HY; is bounded.

3. Composition operators on S%,. Forp > 1, we denote by S” the space of anayltic
functions on D with first derivative in the classical Hardy space H,. We define a
norm ||-||g» on S? by

[/ o= 17O+ 11,

where ||-||, denotes the usual norm on H”. Equipped with this norm, S” is a Banach
space. Functions of class S” extend continuously to the closed disk, and the bound-
ary-value function f{(e®) is absolutely continuous for each f'e S”. (See, for example,
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[7].) For a Banach space B, we define the Banach space S} as the linear space of all
F € HY, for which F' € H}, with norm

1Fsy= [ FO) s+ F |

In this section we characterize those analytic self-maps of D that give rise to boun-
ded composition operators on Sy for a broad class of Banach spaces B. We reduce
the problem to that of characterizing those ¢ for which C, is bounded on S”. This
problem has been solved by MacCluer [12] who gives a Carleson measure criterion
for the boundedness of C, in the scalar-valued setting. Our method requires that we
restrict our attention to Banach spaces B having the analytic Radon-Nikodym

property.

DEerINITION 2. A Banach space B is said to have the analytic Radon-Nikodym
property (aRNP) if for every F € HY the strong radial limits lim F(re") exist for
almost all 6 € [0, 2x). =l

If a Banach space B has the aRNP, then it possesses the (formally) stronger
property that for any /'€ Hy, 1 < p < oo, strong nontangential limits F(e?) exist for
almost every 6 € [0, 27r), and F € HY can be recovered from its boundary values via
the Poisson representation

1 21 .
o) =5 L F(e")P,(6 — 1)dL.

Setting F,(e”) = F(re"), we have F, — F in L{)(T') as r — 17, where Ly(T") denotes
the Lebesgue space of Bochner p-integrable B-valued functions on the unit circle T'.
As in the scalar setting, the identification of each element F of H), with its boundary
value function is an isometric isomorphism between Hp and the closed subspace of
L(T") consisting of those functions whose negative Fourier coefficients vanish. It
now follows that the polynomials with B-valued coefficients are dense in H}; for
l <p <oo. Jensen’s inequality is valid in this setting and, in particular,
log| F(e”) | ;€ Li(I). A good reference for the above is [2]. See also [3] and [15].

When B has the aRNP, members of Sy extend smoothly to D just as in the
scalar case. Our proof makes use of the following result of Barbee [2].

THEOREM 3. Suppose that B is a Banach space and F is an analytic B-valued
Sfunction with F € H}g. Then F has strong radial limits at every point of the unit circle.

The proof of Barbee’s result relies on the classical Fejér-Riesz inequality and
basic properties of the Bochner integral.

THEOREM 4. Suppose that B is a Banach space with the aRNP and F is a B-valued
analytic function in the unit disc with F € Hy. Then F extends continuously to the

closed unit disk and the boundary function is strongly absolutely continuous.

Proof. Let & > 0 be given, and choose r so that |F — Fy|,, (<5 Whenever
r < R < 1. Now there exists a § > 0 such that s
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n
. . &
/; | Fre™) — Fre™)| < 3

for any collection of disjoint line segments (¢, 82), ..., (a0, B,) satisfying

Z(ﬁk — o) < 6.
k=1

With r and é as above, by employing Cauchy’s Integral Theorem we obtain for
each k

|‘F(e[ﬁ") - F(eio"‘)|

B=

B

+
B

| 1
J F(seiﬁ")eiﬂA'ds—J F (se™™)e® ds

’F(reiﬁ") — F(rei“k)

r

R R
Rlinll J F (seP)ePrds — J F(se™)e™ ds|| + HF(re"ﬂA’ ) — F(re™)| =
=17 r r B B
Br ) ) Br ) . . .
Rli 1 J F(Re®)Re" dp — J F(re®yre?do|| + “F (re’y — F(re™)| <
a4 o o B B

Bre ) Br ) . )
Jim. J [(RFy — F)(e")] yd6 + J [(F, = F)(")| d0 + | F(re'P) — F(re™)| ,=

Br ‘ . '
J |(F, = F) ()] g6 + || Fre™) — Fre™)]|

273

and the strong absolute continuity of the boundary function follows.
The next result, due to MacCluer [12], classifies the self-maps of D that induce
bounded composition operators on S?, where p > 1. For § € 9D and § > 0, set

SE o =|zeD:|z—¢& <35}

If : T — D is absolutely continuous with ¢/ € L”, we define a Borel measure
W= Ly, on I' by
wie) = | ot
E

where o denotes normalized Lebesgue measure on I'. We consider as well the image
measure

po¢ (B) = u(p ' B),
a Borel measure on ﬂj)

THEOREM 5. Suppose that ¢ is an analytic self-map of . Then the composition
operator Cy is bounded on SP if and only if ¢ € SP and there exists a constant C such that

o (SE 9) < Cs,
for all £ € 0D and § > 0.
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We note that the polynomials with coefficients in B are dense in Sy for
1 < p < oo when B has the aRNP and, by Theorem 4, we can identify each member
F of S}, with its boundary function, a strongly absolutely continuous function which
we also denote by F. We denote by Si(I') the Banach space of boundary value
functions of elements of Sg where || F| S(r)= | F| S We combine this observation
with MacCluer’s theorem to obtain the following result.

THEOREM 6. Suppose that B has the aRNP. Then the composition operator
induced by a self-map ¢ of the unit disk is continuous on Sy, if and only if the compo-
sition operator induced by ¢ is continuous on S?. Consequently C, is continuous on S’;
if and only if the conditions in Theorem 5 hold.

Proof. By considering functions of the form F(z) = f(z)e, where f € S” and e is a
unit vector in B, we see that the conditions from Theorem 5 are necessary for the
boundedness of C, on Sj.

Next, suppose that the conditions from Theorem 5 hold. By the Carleson mea-
sure theorem, there exists a constant C such that

J, Pduoy™ < CJ i) do,
D D

for every f € H?. We suppose that F is a polynomial S, and use F, F', ¢, and ¢/ to
denote the respective continuous extensions of these functions to . Now
log| F'(e”)| y& L'(T) and F'(e") € Liy(T); also the outer function

2 6

1 .
@ =ew| 5 [ "G 0wl P b

satisfies |g(e”)| = | F'(¢”)| 5. for almost every e € T'. We also have |g(z)| = | F'(2)| .
for all z € D. (See [1].) Since F’ is a polynomial, g(eie)i is continuous on I'. Now
setting i =, p, we have

[£o¢]

=2 FoeOly =27 |[(Fo o)

= vl o ||F’ o (p(ei9)||2du

=2 | | o™

<27 |gl'duog™
D
< 2”“CJ |g(e")| do
D
_ - cJ |F/(e)|do
oD
<27'C|Alg,

and it follows that
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7o ol =2 (IRl +|Fo ).

Since the mapping F'— F(g(0)) is continuous on S, it follows that C,, is bounded
on S}.

4. Isometric equivalence of composition operators. For the remainder of the paper
we assume that B = K, a separable complex Hilbert space with inner product (-, -),.
As they are reflexive, complex Hilbert spaces have the Radon-Nikodym Property,
hence the (weaker) aRNP, and the boundedness of composition operators on Hf.
and S}. is described by Theorems 1 and 6. We assume in this section that 1 < p < oo.
Our first result, a characterization of isometric equivalence of composition operators
on HY., is a generalization of a result of R. Campbell-Wright for the classical Hardy
space. The following result of P. Lin [11] allows us to apply Campbell-Wright’s
technique, in our more general setting.

THEOREM 7. Any surjective isometry of Hy., where 1 < p < oo and p # 2, has the
Sform

1
(TF)(z) = (¢,(2))? U - F(rga(2)),

where U is a unitary operator on IKC, A is a unimodular constant, a € D, and ¢, is the
disk automorphism

02 = (—)-

az

THEOREM 8. Suppose that C, and Cy are isometrically equivalent composition
operators on H{.,1 <p <oo,p#2. Then ¢(z) = e Uy(e”z), for some real 8. Con-
versely, if ¢ and  are so related, the operators C, and Cy, are isometrically equivalent.

Proof. Suppose that T is a surjective isometry, as in Theorem 7, that satisfies
TC, = Cy,T. Choose a nonzero k € K. Now, for any F € H}. and z € D, we have

(TC,FE), K = (¢, F @02, UR)x
and
(CyTRE), Ky = (W )PFOGuy ), UK.
Letting F(z) = U*k, we conclude that

1 1
(@)= (¢, (¥))r.
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from which it follows that either @ = 0 or ¥/(z) = z. Since H}. separates points, we
conclude that either ¢(z) = ¥/(z) = z, or a = 0 and ¢(z) = —AY(— A2).

The proof of the converse is trivial.

We consider next the isometric equivalence problem for bounded composition
operators on Sy.. We must first characterize the surjective isometries of these spaces.
In doing so we employ a technique of Novinger and Oberlin from [13]. To adapt
their method to our setting, we make use of the following result of Deeb and Khalil

[6].

DEerFINITION 9. If B is a Banach space, then an x € B with ||x|| =1 is called a
smooth point of the unit ball of B if there exists a unique A € B* such that ||A| =1
and A(x) = 1. A Banach space is said to be smooth if every boundary point of its
unit ball is a point of smoothness.

THEOREM 10. Let B be a Banach space for which B* is separable and suppose that
F e Li(T) with ||F||L’I;(r): 1. Then the following conditions are equivalent:

(i) F is a smooth point of the unit ball of Li(ID).
(i) F(e®)/ | F(e®)| 4 is a smooth point of the unit ball of B, for almost all ¢ € T for
which F(e?) # 0.

The following characterization of smoothness is useful in our characterization
of the surjective isometries of Si.. A good reference is Kothe [10, p. 350].

THEOREM 11. A Banach space B is smooth if and only if its norm is weakly dif-
ferentiable at every point except the origin. That is, B is smooth exactly when

i D o=l
t—0 t

exists for each y € B and all nonzero x € B.
COROLLARY 12. Every Hilbert space is smooth.
COROLLARY 13. For every separable Hilbert space K and each p > 1, S}- is smooth.
THEOREM 14. T': S§. — Sy, where 1 < p < o0 and p # 2, is a surjective linear

isometry if and only if there exist unitary operators U,V on KC and n € Aut(D) such
that

THz)=VF0)+U Jo(n/(é'))]/ "F'(n(&))de.

Proof. Sufficiency follows almost immediately, for TF(0) = VF(0) and

(TFY(&) = (' (£)"" UF'(n(5)).
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Therefore
ITFlg, = [VFO)+ |0 P UF o n|
= [FO |+ F o,
= [ FO)+[ ']
= 1Flls:

Next, suppose that T': Sy — S}. is a surjective isometry. Let n be a positive
integer and x € K with ||x||= 1. Let x, denote the mapping z+>z" and, for 7 € R,
set Fy = (1 + tx,)x. Clearly F, € S with ||F,(0)] .= 1. Now

1 2 »
(b ”p,, = llr{{z—oiup Jo |17 |~ ™ x| ds

= lim »’|t|r"

r—>1-

so that ||F,||52: 1 + n|t|. Also,

TF/(z) = Tx + T(xnx),

where for each x € K the constant function on D whose only value is x is also
denoted by x. Note that

L+ nlt] = | Fills,
= ITF s,
= [ Tx(0) + tT(xu)(O) || .+ (Tx) + t(T(X,,x))’”H,,K
= | TXO e+ T |y HA TOOO e T |,
= 1 Txllgg +101 | TOwx) | o = 1+ el

It follows that the (weak) inequality is an equality, and consequently that

| 7x(0) + (TGO | = | TX(O)| A1l T

[T + 4TG0 |y = [T | HA T O | -

Since K has the aRNP, the polynomials with coefficients from K are dense in
S%, and so we can choose a positive integer n such that T(x,x)" # 0. Now the func-
x)|| iy, Must be differentiable for all ¢ provided only that
(Tx)' # 0, while the right-hand side of the above equality is clearly nondifferentiable
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at t = 0. It follows that (Tx)' = 0, and consequently that Tx is a constant function
with
I Txlgy = | Tx(0) = 1.
Since | Tx(0)| .= 1 and
| 7(0) + 1T(xa)(O) | .= 1 + 111 TOx)O0) |
for all real ¢, a differentiability of norm argument shows that

T(xax)(0) = 0,

forall n > 1.
Next, let F € Sy, and for each 7 € R define G, € S§. by G, = x + 1(F — F(0)).
Note that

1Gillsy = x| [ = T+ 1] ]

17Gill5; = (T30 + ATFO) = (TRONO) | + 11| (TFY |

Now [ TGills = [IG/lls is equivalent to

1+|t|(||F/{

= [TFY |y ) = [(T)0) + ATFO) - (TFO)O)

and, since (7x)(0) # 0, the expression on the right-hand side is a differentiable
function of ¢ at 0. We conclude that

|(TFY|

’
o= 1]
Hy Hy

and

TF0) = (TF(0))(0) = TF0).

Denote by zS}- the subspace of Sy consisting of those functions in S}- that
vanish at 0. Letting D denote the differentiation operator and [ the integration
operator [F(z) = [; F(§)dE, it is easy to show that D : zS,. — HY. is a surjective iso-
metry whose inverse is 1. But then the operator D71 : Hy. — H}- is a surjective iso-
metry. It follows from Theorem 7 that there exist a unitary operator U on K and a
0 € R such that

1 .
DTI(F)(2) = (¢,(2)) U - F(e"9u(2)),

for all Fe Hy.. But I(F')=F— F0), TI(F') = TF — TF(0) and DTI(F') = (TF)',
since TF(0) is a constant function. Hence
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1 .
TF:) = JO (@)U - F(e" 0,())dé + TFO).

Choosing a unitary operator V on K such that VF(0) = TF(0), our result follows.

Having characterized the surjective isometries of S%., determining when two
(bounded) composition operators on S} are isometrically equivalent is relatively
straightforward. Our last result extends a theorem from [8] dealing with isometric
equivalence of composition operators on S”.

THEOREM 15. Suppose that ¢ and r are self-maps of the unit disc inducing boun-
ded composition operators on Sk, where K is a separable Hilbert space and p > 1.
Then C, and Cy are isometrically equivalent if and only if there exists a 6 € R such
that ¥(z) = e ®p(e®z), for all z € D.

. Proof. Suppose that TC, = Cy T, where T : S§. — S} is the surjective isometry
given by

TF(z) = VF(0) + UJ(;(n/(S))””F/(n(S))dS-

Note that the intertwining is equivalent to the equality of
VF@(0)) + ULW(S))””(FO ¢) (n(©)ds

and o

)
VFO) + Uj (/&) F'(n(©))de.

0
for all F € S} and z € D. Differentiating each expression yields the equality
N (Fop) on=0l o)’ - F'o(moy) .
Choosing a nonzero vector k € K and setting F(z) = zk, this equality becomes
' -don=m o) v
Taking F(z) = z°k, the equality becomes
' gon-gon=w oW -moy)-v.

The remainder of the proof of the necessity of the condition now follows as in
[8]. The proof of sufficiency is almost immediate.

The basic theme of our paper [8], inspired by the work of Campbell-Wright on
the Hardy spaces, was that on a broad class of Banach spaces of (scalar-valued)
analytic functions on the unit disc, isometric equivalence of composition operators is
“rare”” and occurs only in a trivial sense. We have demonstrated above that this
situation persists in a broader context of spaces of vector-valued analytic functions.
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