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2 N. Fakhruddin and V. Pilloni

9 Weakly regular automorphic representations and Galois representa-
tions 57

1. Introduction

This article studies the problem of defining an action of Hecke operators on certain natural
integral coherent cohomology of Shimura varieties.

Let us start by describing the situation for modular curves. Let N > 4 be an integer, and
let X — Spec Z[1/N] be the compactified modular curve of level I'1 (V). Let k € Z and let
w¥ be the sheaf of weight & modular forms. Let p be a prime number, (p, N) = 1. When k >
1, there is a familiar Hecke operator 7}, acting on the C-vector space of weight k£ modular
forms. On ¢-expansions, the operator T}, is given (on forms of nebentypus a character
X:(Z/NZ)* — ZX) by the formula 7,(3", <0 @nq"™) = 3,150 npq™ +P* 1 x(p)ang™. This
formula is integral and the g-expansion principle implies that the action of T, actually
arises from an action on H°(X,w*). We now give a more geometric construction of T},.
Assume first that we work over Z[1/Np]. Then, viewing a modular form f as a rule on
triples (F,ay,w) where E is an elliptic curve, ay is a point of order N and w is a nowhere
vanishing differential form (and satisfying a growth condition near the cusps), there is a
geometric formula defining T}, [38, Formula 1.11.0.2]:

Ty(f(Banw) == S f(B/H o)

HCE[p]

where H C E[p] runs over all subgroups of E[p] of order p, and if we let 7 : E — E/H
be the isogeny then 7y (an) = afy and 1w’ = w.

The above formula does not really make sense over Z[1/N], but a slight modification
of it will be meaningful. We explain this modification.

There is a correspondence Xo(p) over X corresponding to the level T'1(N)NTo(p)
(so Xo(p) is a compactification of the moduli of triples (E,an,H) where H C Elp] is
a subgroup of order p), and there are two projections : p1,p2 : Xo(p) = X (induced by
(E,H)— FE and (E,H)— E/H). Then T, originates from a cohomological correspondence
T, : piwh — plw” where p} is the right adjoint functor to (py)s.

The cohomological correspondence T}, is obtained using the differential of the universal
isogeny 7} : psw — pjw, the trace of p; and a suitable normalisation by a power of p that
makes everything integral (this corresponds to the coefficient zl) in the displayed formula).
More precisely, we first define a (rational if ¥ <0) map over Xo(p),

* k
T;mive :pgwk (”ﬁ pikwk tlr4’91711(’0}’9
and then set T}, :p’lTZﬁ"””e when k >1 and T, :p*kT;““‘”e if k<1.

The first basic result for elliptic modular forms is the following (see also [15, §4.5] and

[19, Proposition 3.11]):

Proposition 1.1. For any k € Z, we have a cohomological correspondence T}, :prwk —
piw* over Xo(p), inducing a Hecke operator T, € End(RI'(X,w")).
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Hecke operators and the coherent cohomology of Shimura varieties 3

Given the cohomological correspondence, the operator on the cohomology is simply
obtained using pullback and pushforward as follows:

T, - H* (X.w") = H*(Xo(p).piw®) —2 HY (Xo(p),ph’) — H* (X.0").
The action of T}, on formal g-expansions (of level I'; (V) and nebentypus x) is given by

b Tp(ano anq") = ano Anpq" +pk_1X(p)anqnp ifk>1,
o Tp(Xnz0and") =500 anpq" +x(p)ang™ if k<1

therefore, T}, appears to be optimally integral.

One would like to generalise this to other Shimura varieties. To do this, we introduce
some notations and recall the fundamental results concerning the cohomology of
automorphic vector bundles on Shimura varieties. A standard reference for this material
is [29].

Let (G,X) be a Shimura datum, let K C G(Ay) be a neat compact open subgroup,
and let Shyx be the associated Shimura variety. This is a smooth scheme defined over
the reflex field E. Over Shi there is a large supply of automorphic vector bundles V. .,
naturally parametrised by weights x of a maximal torus in G, dominant for the compact
roots. For a choice of polyhedral cone decomposition 3, one can construct a toroidal
compactification Shi2"s; of Shi, such that Dy x = Shi¢’s,\ Shi s is a Cartier divisor.
Moreover, there is a canonical extension V, g x of the vector bundle V, g, as well as a
subcanonical extension Vg xn(—Dgk x).

The coherent cohomology complexes we are interested in (which generalise the classical
notion of modular forms) are

RF(ShtI?,Tgavn,K,E) and RF(Sh%TE,VH,Kyg(*DKyg)).

These cohomology complexes are independent of 3, they have good functorial properties
in the level K and they carry an action of the Hecke algebra Hyx = C°(K\G(Ay)/K,Z).

Over C this coherent cohomology can be computed via the (p,K)-cohomology of
the space of automorphic forms on the group G [37]. Automorphic representations
contributing to these cohomology groups therefore possess a rational structure. We now
fix a prime p. In order to study p-adic properties of automorphic forms contributing
to the coherent cohomology, we introduce integral structures on RT'(ShR's, V. i, x) and
RF(Sh’}?TE,V&K7E(—DK7E)).

Let A be a place of E above p. If the Shimura datum (G, X) is of abelian type, G is
unramified at p, and K = KK, where K C G(A%) and K, C G(Q) is hyperspecial,
we have natural integral models Ghy for Shg, as well as an integral model of V,, i, over
Spec Og,x [52], [42], [40], [41]. Moreover, there is a theory of toroidal compactifications
(at least in the Hodge case) Ghﬁgfz of &by, with integral canonical extension V, k,x and
integral subcanonical extension Vy i x»(—Dg ) [20], [46], [45], [55].

We are therefore led to consider the cohomology complexes RF(GhtI?’TZ,V& Kk,5) as well
as RI‘(G[)'}?TE,V&K,E(fDK,g)). Our work investigates the question of extending the
action of the Hecke algebra Hyx to these cohomology groups. The action of the prime
to p Hecke algebra extends without much difficulty, so our main task is to investigate
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the action of (a suitable subalgebra of) the local Hecke algebra C°(K,\G(Q,)/K,,Q) on
RT(ShE's;, Ve, k,5)-

We formulate a conjecture (see Conjecture 4.16, as well as Conjectures 4.7 and 4.15)
precisely describing a sub-Z-algebra H;”,ﬁb (where ¢ is an isomorphism of C and @p) of
CX(K\G(Qp)/Kp,Q) that should act on the cohomology complexes RF(GST)‘}?TZ,VK,E)
and RI(6h's, Vi, x(— Dk ).

The definition of ;"\ , is given in Definition 4.8, with the help of the Satake basis [Vy]
of H, (where A runs through the set of dominant and Galois invariant characters of the
dual group G of G) normalised by a certain power of p determined by A and the weight .

In the modular curve case, the description of this subalgebra precisely reflects the
normalising factors p~ {5} in the definition of the Tp-operator on the cohomology in
weight k.

This conjecture is a translation for the coherent cohomology of Shimura varieties of
results obtained by V. Lafforgue on the Betti cohomology of locally symmetric spaces in
[44]. Tt is inspired by Katz-Mazur inequality: For X a proper smooth scheme defined over
Z,, Katz and Mazur gave p-adic estimates for the eigenvalues of the geometric Frobenius
acting on the cohomology Hi(X@p,Qg) (¢ # p). The estimates say that p-adic Newton
polygon of the characteristic polynomial of Frobenius lies above the Hodge polygon
(determined by the filtration on the de Rham cohomology of Xg, ).

One believes that similar estimates hold for algebraic automorphic representations
because of the conjectural correspondence between motives and automorphic represen-
tations [13], [8]. Roughly speaking, the weight x determines the Hodge polygon, and
the characters of H, determine the characteristic polynomials of Frobenii. We postulate
the Hodge-Newton inequality to determine the precise shape of the maximal subalgebra
7—[;’71,§7L C H,p that should act integrally on the cohomology.

We then try to prove our conjecture in certain special cases. To the charateristic
functions of all double cosets K, gk, in the local Hecke algebra, one can associate Hecke
correspondences p1,ps : Shgngrg-1 — Shx over Shy. These correspondences rarely
admit integral models whose geometry is understood, except when g is associated with
a minuscule coweight. In this case, K, NgK,g~! is a parahoric subgroup and there is
a good theory of integral models whose local geometry is described by the local model
theory. We are thus led to work with Hecke operators associated to minuscule coweights
(this is a serious restriction).

At this point a second obstacle arises: The projections p; almost never extend
integrally to finite flat morphisms. This means that defining the necessary trace maps
in cohomology is in principle complicated. We develop, using Grothendieck-Serre duality
[32], a formalism of cohomological correspondences in coherent cohomology that solves the
problem under some assumptions on the correspondences. In particular, we assume that
our correspondences are given by Cohen-Macaulay schemes. This suffices for our pusposes
because using the theory of local models (see, e.g., [56]), one can often prove that integral
models of Shimura varieties with parahoric level structure are Cohen-Macaulay.

In order to prove Conjecture 4.16, our strategy is to switch to the local model, where we
can make all of the computations and then transfer back the information to the Shimura
variety.
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We completely solve our conjecture for Hilbert modular varieties (G = Resg/qGLz),
when p is unramified in the totally real field F'. To formulate the result precisely in this
case, let E’ be the finite extension of £ = Q equal to the Galois closure of F. Weights
for Hilbert modular forms are tuples of integers x = ((ks)octom(F, £); k) where ks and
k all have the same parity. We let ¢: E' — Q, be an embedding. Let p =[], p; be the
decomposition of p in Op as a product of prime ideals.

Theorem 1.2 (Theorem 5.9 and Subsection 5.6.4). The Hecke algebra M., =
Z[Ty,,Sp,:5,'] acts on RT(ShR"s, Ve ke, x) and RT(SbR's;, Ve k. 5(— Dk x))-

Under the assumption that the weight x belongs to a certain cone (conjecturally the
ample cone), the theorem was first proved in [19, Proposition 3.11] by different methods.

We can be explicit about normalisation factors. Let I; = {o € Hom(F,E’), too(p;) C
mzp} and let

Tgi,aive = GLQ(OFP )dlag( )GL2(OFp )
and
Sptv¢ = GLy(Op,, )diag(p; ',p; ')GL2(OF, )

be the naive, ‘unnormalised’ version of the Hecke operators attached to the familiar double
classes (the reason we have to use these double classes and not their inverse is that we
set up the theory in such a way that the Hecke algebra acts naturally on the left and not
on the right on the cohomology). Our normalised operators are

kotk | k—hg
2 )T 2

Tpi _ pzaeri sup{ }Tpniaive

and
Sp,- — ngai ksggive.

For more general Shimura varieties of symplectic type we only have partial results
because there is essentially only one minuscule coweight (see Theorem 5.9). However, the
situation is better for unitary Shimura varieties. Let F' be a totally real field, and let L be
a totally imaginary quadratic extension of F'. We let G C Resr, /o GL,, be a unitary group
of signature (p;,qr)r.rec. We assume that p is unramified in L and we let th"r be a

toroidal compactification of the (smooth) integral model of the unitary Shimura variety
attached to G.

Theorem 1.3 (Theorem 7.5). Assume that all finite places v | p in F split in L. Let
H = @o<icmB]Ty, 4, 0<j <n,T, Y. To:ln] be the mormalised integral Hecke algebra
in weight k (where the Ty, ; are standard genemtors of this Hecke algebra). All of the
operators Ty, ; act on RF(th}?ng, w K,5) and RF(GK)@?TZ, . k,5(—DKk.x)). In particular,
Im (H (Sb %"y, Ve k) — Hl((‘Sh’}?TZ, o k,x) ®z, Q) is a lattice that is stable under the

int
action of H,". ..

Remark 1.4. The limitation of this last result is that we have not been able to prove
that the operators T, ; commute with each other in general.
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Let L be a CM or a totally real number field. One can realise regular algebraic essentially
(conjugate) self-dual cuspidal automorphic representations of GL,/L in the Betti
cohomology of Shimura varieties. The interest of coherent cohomology is that it captures
more automorphic representations. Namely, one can weaken the regularity condition to a
condition that we call weakly regular odd (the oddness property is automatically satisfied
in the regular case). Weakly regular, algebraic, odd, essentially (conjugate) self-dual,
cuspidal automorphic representations on GL,, /L admit a compatible system of Galois
representations, but at the moment these compatible systems are not known to be de
Rham in general (and local-global compatibility is not known). We can nevertheless
prove the following result, which is to be viewed as the Katz-Mazur inequality.

Theorem 1.5 (Theorem 9.11). Let m be a weakly regular, algebraic, odd, essentially
(conjugate) self-dual, cuspidal automorphic representation of GL,, /L with infinitesimal
character A = (A, 1 <i<n,7€ Hom(L,Q)) and Ay, > -+ > An,z. Let p be a prime
unramified in L and w be a finite place of L dividing p. Assume also that m,, is spherical
and corresponds to a semi-simple conjugacy class diag(ay, -+ ,a,) € GL,(Q) by the Satake
isomorphism. We let v: Q — @p be an embedding and v the associated p-adic valuation
normalised by v(p) = 1. After permuting we assume that v(a1) < --- <wv(an). Let I, C
Hom(L,Q) be the set of embeddings T such that 1o induces the w-adic valuation on L.
Then we have

A
ZU(%‘) > Z Z—/\zm

i=1 T€l, (=1
for 1 <k <n, with equality if k =n.

1.1. Organisation of the article

In Section 2 we develop a formalism of cohomological correspondences in coherent
cohomology. In Section 3 we give a number of classical results concerning the structure
of the local spherical Hecke algebra of an unramified group. In Section 4 we introduce
Shimura varieties and their coherent cohomology and formulate Conjecture 4.16 on the
action of the integral Hecke algebra on the integral coherent cohomology. In Sections 5 and
6 we consider the case of Shimura varieties of symplectic type and their local models. In
Sections 7 and 8 we consider the case of Shimura varieties of unitary type and their local
models. Finally, the last section deals with applications to automorphic representations
and Galois representations.

2. Correspondences and coherent cohomology

2.1. Preliminaries on residues and duality

We start by recalling some results of Grothendieck duality theory for coherent cohomol-
ogy. The original reference for this, which we use below, is [32]; although this and [14],
which is based on it, suffice for our purposes, the more abstract approaches of [61], [53]
and [48] give more general results with arguably more efficient proofs. In particular, the
latter two references show that the noetherian and finite Krull dimension hypotheses of
[32] can be eliminated and that most results extend to the unbounded derived category.
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For a scheme X we let Dgcon(€x) be the subcategory of the derived category D(€0x) of
Ox-modules whose objects have quasi-coherent cohomology sheaves. We let D qcoh(ﬁ X)
(respectively D__ ,(Ox)) be the full subcategory of Dycon(€x) whose objects have
0 cohomology sheaves in sufficiently negative (respectively positive) degree. We let

qcoh(ﬁX) be the full subcategory of Dgcon(@x) whose objects have 0 cohomology
sheaves for all but finitely many degrees. We remark that if X is locally notherian

qcoh(ﬁ x) is also the derived category of the category of bounded below complexes
of quasi-coherent sheaves on X [32, I, Corollary 7.19]. We let DY, (6x)sra be the full
subcategory of D qcoh(ﬁx) whose objects are quasi-isomorphic to bounded complexes of
flat sheaves of &x-modules [32, II, Definition 4.13]. We fix for the rest of this section a
noetherian affine scheme S.

2.1.1. Embeddable morphisms. Let X, Y be two S-schemes and f: X — Y be a
morphism of S-schemes. The morphism f is embeddable if there exist a smooth S-scheme
P and a finite map i: X — P XgY such that f is the composition of ¢ and the second
projection [32, p. 189]. The morphism f is projectively embeddable if it is embeddable
and P can be taken to be a projective space over S [32, p. 206].

2.1.2. The functor f'. For f:X — Y a morphism of S-schemes, there is a functor
Rf, : Dyeon(Ox) — quh(ﬁ’y) By [32, III, Theorem 8.7] if f is embeddable, we can
define a functor f': D, (Oy) = DJ, , (Ox).If f is projectively embeddable, by [32, III,
Theorem 10.5] there is a natural transformation (trace map) Rf, f' = Id of endofunctors
of D qcoh(ﬁy). Moreover, by [32, III, Theorem 11.1] this natural transformation induces

a duality isomorphism:

Homp, ., (0x)(F,f'9) = Homp,_, (6y)(Rf+F.9) (2.1.A)

for #€D,_,,,(0x) and & € quh(ﬁy).
The functor f' for embeddable morphism enjoys many good properties. Let us record
one that will be crucially used.

Proposition 2.1. [[32, IIl, Proposition 8.8]]If # € D], (Oy) and 4 € D} .. (Oy ) frd;
there is a functorial isomorphism f'F @F Lf*9 = f'(F @ ¥9).

2.2. Cohen-Macaulay, Gorenstein and local complete intersection morphisms

2.2.1. Cohen-Macaulay morphisms. Recall that a morphism h: X — S is called
Cohen-Macaulay (CM) if h is flat, locally of finite type and has CM fibres.

Lemma 2.2. For a CM morphism of pure relative dimension n, h'Cg = wx/s[n], where
wx/s is a coherent sheaf that is flat over S. Assume moreover that S is CM. Then wx/s
is a CM sheaf.

Proof. For the first point, see [14, Theorem 3.5.1]. For the second point, first observe that
if S is Gorenstein (e.g., S is the spectrum of a field), so &5[0] is a dualising complex for S,
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then wx/g[n] = h'Cs is a dualising complex for X [32, V, §§2,10]. Using local duality [7,
Theorem 1.2.8], it follows from [7, Corollary 3.5.11] that wx /g is a CM sheaf. In general,
for a CM map h as above, the formation of wy,g is compatible with base change [14,
Theorem 3.6.1], so it follows from [26, Proposition 6.3.1] that wx,g is a CM sheaf.

O

2.2.2. Gorenstein morphisms. A local ring A is Gorenstein if it satisfies the
equivalent properties of [32, V, Theorem 9.1] (for instance, if A is a dualising complex
for itself). Note that local complete intersection rings, in particular regular rings, are
Gorenstein. Furthermore, Gorenstein rings are CM. A locally noetherian scheme is
Gorenstein if all of its local rings are Gorenstein. Finally, a morphism h: X — § is
Gorenstein if it is flat and all of its fibres are Gorenstein.

Lemma 2.3. For a proper Gorenstein morphism h: X — S of pure relative dimension
n, h'Og = wx/s[n], where wx /g is an invertible sheaf on X.

Proof. A Gorenstein morphism is CM, so by Lemma 2.2, h'0g = wx/s[n], where wx /g
is a coherent sheaf on X. Because for a CM map h the formation of wx/s is compatible
with base change [14, Theorem 3.6.1], for any point s € S wx/s|x, = wx,/s- By [32, V,
Proposition 2.4, Theorem 8.3] (and the remark after Theorem 8.3), wx_ /s is a dualising
sheaf for X,. By [32, V, Theorem 3.1], the Gorenstein hypothesis on X, implies that
wx,/s is an invertible sheaf. Because wx /s is flat over S by Lemma 2.2, it is flat over
X by the fibrewise flatness criterion [27, Théoreéome 11.3.10], so it is an invertible sheaf
over X. O

2.2.3. Local complete intersection morphisms. A morphism h: X — S is called
a local complete intersection (Ici) morphism if locally on X we have a factorisation h :
X % Z — S where i is a regular immersion [27, Définition 16.9.2] and Z is a smooth
S-scheme. If h is Ici, then the cotangent complex of h, denoted by Lx/g, is a perfect
complex concentrated in degree —1 and 0 [36, Proposition 3.2.9]. Its determinant in the
sense of [41] is denoted by wx/s.

Lemma 2.4. If h: X — S is an embeddable morphism and an lci of pure relative
dimension n, then h'Ox = wx/s[n] where wx g is the determinant of the cotangent
complez Lxs.

Proof. This follows from the very definition of k' given in [32, III, Theorem 8.7]. O

2.3. An application: construction of a trace map

Proposition 2.5. Let X,Y be two embeddable S-schemes and let f: X — Y be an
embeddable morphism. Assume that X — S is CM and thatY — S is Gorenstein. Assume
that X and Y have the same pure relative dimension over S. Then f'Oy = wx/y 5 a
coherent sheaf. If, moreover, S is assumed to be CM, then wx s is a CM sheaf. If X and
Y are smooth over S, wx;g = detﬂ}(/s Q16 (71 detQ%,/S)*l,

https://doi.org/10.1017/51474748021000050 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000050

Hecke operators and the coherent cohomology of Shimura varieties 9

Proof. We have h'0Og = wx/s[n]. On the other hand,
hos=f(g0s)

= f!(wY/S[n])
= f!(ﬁy ®0JY/S[nD
= f(

’ ﬁy) ®f*wy/5[n}.
O

We observe that by adjunction we have a universal trace map Rf.wx/y — Oy. In
particular, for any section s € HO(X,wx /v) (or, equivalently, morphism Ox — wx/y ), we
get a corresponding trace Tr, : Rf,Ox — Oy .

Proposition 2.6. Let XY be two embeddable S-schemes and let f: X —Y be an
embeddable morphism. Assume that
(1) X > S is CM,
2)
3)
1)
5) there are open sets V.C X, U CY such that f(V)CU, U and V smooth over S
and X\V is of codimension 2 in X.

Y — S is Gorenstein,
S is CM,

X and Y have the same pure relative dimension over S and

(
(
(
(

Then there is a canonical morphism © : Ox — wx,y called the fundamental class.
Moreover, if W CY is an open subscheme and X xy W — W 1is finite flat, then the trace
Trg restricted to W is the usual trace map for the finite flat morphism X xy W — W.

Proof. It is enough to specify the fundamental class over V because it will extend to all
of X by Lemma 2.2. Then over V, we have a map df : f*Q[lj/S — Q%//s and we define
the fundamental class as the determinant det(df) € H*(V,detQy, ¢ ® (f*detQy;,q) 7).
To prove the second claim, we can assume that X,Y are smooth over S and the map
X — Y is finite flat. In this situation, X — Y is lci. We claim that the cotangent complex

L,y is represented by the complex in degree —1 and 0 : [f*Q%,/S 4 Q%{/s} and that the

determinant det(df) € H(X,wy,y) = Hom(Ox, f'Oy) is the trace map try. We have a
closed embedding i : X — X xgY of X into the smooth Y-scheme X xgY. We have an
exact sequence

0—>Zy — ﬁsty — ﬁy —0
that gives after tensoring with &'x above Oy
0—-Zx — ﬁxxsy — ﬁx — 0,

where Zy is the ideal sheaf of the immersion 4. It follows that Zx /Z% =Zy /I ®g, Ox =
Q%’/S Koy Ox.

On the other hand, i*Q&XSy/Y = Q% )5+ The cotangent complex is represented by
[Zx/I% — i*Qﬁ(Xsy/Y], which is the same as [f*Q%,/S — Q}(/S}.
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The morphism f, detLy,y = Hom(f,Ox,0y) — Oy is the residue map that associates

to w € f*Qﬁ(/S and to (t1,---,t,) local generators of the ideal Zx over Y the function
Res[w,t1,...,t,]. It follows from [32, Property (R6), p. 198] that the determinant of
[f*Q%,/S — Qk/s] maps to the usual trace map. O

2.3.1. Fundamental class and divisors. We need a slight variant of the last
proposition, where we also have some divisors.

Proposition 2.7. Let XY be two embeddable S-schemes and let f: X —Y be an
embeddable morphism. Let Dx < X and Dy <Y be relative (with respect to S) effective
Cartier divisors.

Assume that

(1) X —>SisCM,
2)
3)
4)
5) there are open sets V.C X, U CY such that f(V)CU, U and V are smooth over

S and X\V is of codimension 2 in X,

(6) the morphism f restricts to a surjective map from Dx to Dy and

Y — S is Gorenstein,
S is CM,

X and Y have the same pure relative dimension over S,

(
(
(
(

(7) DxNV and Dy NU are relative normal crossings divisors.
The fundamental class © : Ox — f'Oy constructed in Proposition 2.6 induces a map

ﬁx(—Dx) — f!ﬁy(—Dy).

Proof. We may assume that X and Y are smooth, and Dx and Dy are
relative normal crossing divisors. In that case, we have a well-defined differ-
ential map df : f*Q}, /s (logDy) — Q4 /s (logDx). Taking the determinant yields
detdf : f*detQ%,/S(Dy) — detﬂk/S(Dx) or, equivalently, detdf : Ox(—Dx) —
f'Oy (—Dy). O

2.4. Cohomological correspondences
Let X, Y be two S-schemes.
Definition 2.8. A correspondence C' over X and Y is a diagram of S-morphisms:
N
X Y

where X, Y, C' have the same pure relative dimension over S and the morphisms p; and
po are projectively embeddable.

Remark 2.9. In practice, the maps p1, po will often be surjective and generically finite.
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Let Z €eD

qcoh

(ﬁx) and ¥ € D;rcoh(ﬁy)‘

Definition 2.10. A cohomological correspondence from % to ¢ is the data of a
correspondence C over X and Y and a map T : R(p1)+Lp5-F — 9.

The map 7T can be seen, by (2.1.A), as a map Lp5.# — pi¥9. Note that if .# and ¥
are coherent sheaves (in degree 0), then Lp3.Z is concentrated in degrees < 0 and p}¥ is
concentrated in degrees > 0 (as follows from the construction in [32, III, Theorem 8.7]),
so any map Lp5.Z# — p}¥ factors uniquely through the natural map Lp5.%# — ps.Z. It
gives rise to a map, still denoted by 7", on cohomology

RI(X,Z) 2 RI(C,p3.F) = RD(Y,R(p1)spsF) 5 RI(Y,9).

Example 2.11. Let C' be a correspondence over X and Y. We assume that the map
p1 : C =Y satisfies the assumptions of Proposition 2.6, so there is a fundamental class
Oc — p!l Oy. Let % and ¢ be locally free sheaves of finite rank over X and Y. We
assume that there is a map p5.% — pj¥. Twisting the fundamental class by p1¥, we get
a morphism pt¥ — p} Oy @ p3¥, and using the isomorphism of Proposition 2.1, we get a
map p*¥ — py¥. Composing everything, we obtain T': p§.# — p'\¥.

3. The Satake isomorphism for unramified reductive groups

3.1. The dual group

Let K be a non-Archimedean local field, O its ring of integers and = € Ok a uniformising
element. Let ¢ be the cardinality of the residue field Ok /(7). Let G be a reductive group
over Spec Og. We assume that G is quasi-split and splits over an unramified extension
of K and fix a Borel subgroup B and a maximal torus 7' C B. We denote by X, (7T") and
X*(T) the groups of cocharacters and characters of T. These groups carry an action of
' = Z, the unramified Galois group. We denote by T; C T the maximal split torus inside
T. Tts cocharacter group is X, (T)" and we have X*(Ty)r = (X*(T)g)r-

We now introduce the Langlands dual of G, following [7, Chapter I]. Let G be the dual
group of G, defined over Q, and let 7' be a maximal torus in G (so that X, (1) = X*(T)).
We denote by ®* the set of positive roots for B in X*(T') and by & C X, (T) = X*(T)
the corresponding set of positive coroots. This is the set of positive roots for a Borel
subgroup B of G that contains 7.

We let W be the Weyl group of G and G and we denote by wg the longest element in
W (which maps the Borel B to the opposite Borel). We let W; be the subgroup of W
that stabilises Ty; this is also the fixed point set of the action of I' on W [7, §6.1].

The set of dominant weights for G is denoted by P*. This is the cone in X*(T) of
characters A such that (\,a) > 0 for all a € +. We let P C X*(T)g be the positive Weyl
chamber, which is the R>g-linear span of P*. The cone Pg is a fundamental domain for
the action of W on X*(T) @ R. We have similar notations for G. We denote by p the half
sum of elements of .

We choose a pinning to define an action of I" on G, preserving B and T, and we then
let “G'=G xT.
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3.2. Hecke algebras

Whenever we have a unimodular locally compact group G and a compact open subgroup
K, we denote by H(G,K) the algebra of compactly supported left and right K-invariant
functions from G to Z. The product in #(G,K) is the convolution product (the Haar
measure on G is normalised by vol(K) =1, so 1k is the unit in H(G,K)).

We have an isomorphism of algebras H(Ty(K),T4(Ok)) = Z[X.(T4)]. Moreover, the
restriction map H(T(K),T(Ok)) = H(Tu(K),T4(Ok)) is an isomorphism of algebras
because T(K)/T(Ok) =Ta(K)/T4(Ok) by [7, §9.5].

Because G is quasi-split, the centraliser of T, in G is T, so Wy is equal to N(T)/T.
We have a Levi decomposition B =TN. Let § be the modulus character for B.

We now study H := H(G(K),G(Ok)), the spherical Hecke algebra for G. The
characteristic functions Ty = 1go,)a(mcox) for A € (]SJF)F form a Z-basis of H by
the Cartan decomposition.

We define the Satake transform:

S:H®Zq?,q 2] - H(T(K),T(Ok)) @ Z[q?,q" %]
82 / f(tn)dn,
N(K)

where the measure on N(K) is normalised so that N(K)NG(Ok) has measure 1. It
induces an isomorphism [9, Theorem 4.1]

S:H®Zq?,q 2] ~ Zlg?,q 2] [ X (Ta)] V.

For any A € (P1)F let Vy be the irreducible representation of G with highest weight
A. Because I' preserves a pinning, the action of G on V), extends to an action of LG.
This extension is determined uniquely by the condition that I' preserves a highest
weight vector and any other extension differs from it by tensoring with a character
of I'. We continue to denote this extended representation by V). If we consider (as
we may) G and LG as being defined over Q, then this extension of V) is also defined
over Q.

Let [V3] be the the trace of the representation Vi on 7' x o, where o is the generator
of T given by Frobenius. For A € (P1)T, let [A] denote the formal sum of the elements in
the Wy-orbit of ), viewed as an element of Z[X, (T;)]"<.

Lemma 3.1. The trace [V)] belongs to Z[X,(Ty)]"e. Moreover,
VAl =[N+ 22 cx aulp] with p e (P and a, € 2.

Proof. We have a decomposition V\ = ®,cx, )V}, where V" is the weight 4 eigenspace
of Vy for the action of 7. The action of ¢ permutes the spaces V¥, so if p is not fixed
by o then the trace of any element ¢ x o restricted to }- /o (1) VI is zero. Here Or ()

denotes the -orbit of u. It follows that [V)] € Q[X,(Ty)]. Because the weight spaces are
permuted by W and o acts trivially on Wy, [Vi] € Q[ X, (T,)]"<.

Tt can be shown that a, > 0, but we do not need this.
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As noted earlier, we may consider G, LG and V, as being defined over Q. For each
p € X, (Ty), the eigenspace VI is defined over Q and o acts on this space as a finite-order
operator, so its trace must be in Z.

Finally, because the highest weight space is one-dimensional, we have [V}] = [\] +
S enauln] p € (PH)T with a,, € Z. O

Corollary 3.2. The elements [VA]\c p+yr provide a Z-basis of Z[X(Ty)]We.

Proof. This follows immediately from Lemma 3.1 and the fact that the set {[A]},c p+r
is a Z-basis of Z[ X, (Ty)]". O

We may now relate the two bases {[VA]} cp+)r and {Tx},¢(p+)r of the unramified
Hecke algebra.

Proposition 3.3. We have the following properties:

(1) S(T3) = g™ VAl 4+ 5, ba (1) (P [V, for imtegers ba(n),
(2) ¢PP VA = S(T) + 5y da(W)S(T,) for integers dy ().

Proof. The formulae (1) and (2) are clearly equivalent. If G is split, these formulae are
(3.9) and (3.12) of [25], though a complete proof is not given there, so we provide the
missing references.

By (6.8) of [58], for A, u dominant coweights in X, (Ty), S(Th)(u(m)) = 6(u(m))ax(p),
where ay(p) is an integer. By [58, Remark 2, p. 30], ax(\) =1 iff
G(o

(G(OR)Am)N(K))NG(Or)AT)G(Ok) = G(Ok)A(T). (3.2.4)

This holds by part (ii) of the proposition in (4.4.4) of [6]. Part (i) of the same proposition
implies that ay(p) =0 unless u < A. (We note that these results in the unramified quasi-
split case follow from the case of split groups by base changing to an unramified extension
over which the group splits, applying the results there and then taking Galois invariants.

Also, all cases that we actually use later are already proved in full in [58].)
Because §(u(m)) = ¢¢##) (as B is a Borel subgroup), (1) now follows from Lemma 3.1.
O

3.3. Conjugacy classes

We denote by T, the torus with cocharacter group X*(T,). Note that there is a map
T — Ty. It follows from the Satake isomorphism that there is a bijection

Hom(#,Q) = T4(Q)/Wa.

We have a surjective map NG(T) — W. Let us denote by V[/7d the inverse image of Wj.
By Lemmas 6.4 and 6.5 of [4], we have natural bijections

T(Q) x o/ Int(Wq) — G(Q)** /o — conj (3.3.A)

and

T(Q) x o/ Int(Wy) — Ta(Q)/Wa, (3.3.B)
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so we deduce that there is a bijection
Hom(#H,Q) = G(Q)** /o — conj

that associates to any x : H — Q a semi-simple o-conjugacy class c € G (Q)** characterised
by the property that

X([VA]) = Tr(exa|Va)
for all A € (PH)T.

3.4. The Newton map

Let us now fix a valuation v on Q extending the p-adic valuation of Q for some prime

number p and normalised by v(p) = 1. The valuation v defines a homomorphism G, (Q) —
R and induces the Newton polygon map

Newt,, : G(Q)** /o — conj = Ty(Q) /Wy % X*(Ty)a/Wa 2 (P,

where the last map ¢ is defined as follows: We have a canonical identification of (X*(T)g)"

with (X*(T)r)r = X*(Ty)r induced by the inclusion of (X*(T)r)" in X*(T)g. Given
y € X*(Ty)r/Wa, let x € (X*(T)r)" be a lift of y, let w € W be such that w(x) € Py and
then define ¢(y) to be the -average of w(z), which is an element of (P;)". Namely,

[I/Stabrw(z)] | . &=

This is independent of the choice of the lift x of y, because any other lift is of the form
w' () with w' € Wy.

Lemma 3.4. Let ¢ € G(Q)* /conj and A € (PT)'. Then the minimal valuation of an
eigenvalue of ¢ x o acting on Vy is equal to {(wg(N),Newt,(c)).

Proof. Because the set of eigenvalues is invariant under conjugation, we may assume by
(3.3.A) that ¢ € T(Q). Let 77 be the largest subtorus of 7" on which T' acts trivially. The
map 17 — T} induced by the inclusion of 1% in T is an isogeny, so the map Tr Q) — T, 2(Q)
is surjective. Thus, by (3.3.B) we may assume that ¢ € 77 (Q).

Let p be a weight of T occurring in V). Then o, and hence also ¢ x g, preserves the
subspace Y W €O (1) %% " of V. Because c is invariant under I'; ¢ acts on this space by the
scalar p(c). On the other hand, o acts on this space by a finite-order automorphism. It
follows that all of the eigenvalues of ¢ x o on this space have valuation equal to v(u(c)).

The choice of the element ¢ gives an obvious lift x € (X*(T)g)! of the image of ¢ in
X*(Ty)r/Wa. Let w € W be such that w(z) € Py. Then v(v(w(c)) > 0 for all positive
coroots v € ®T. The eigenvalue of smallest valuation of w(c) on Vy is then clearly the one
corresponding to the lowest weight wy(A), so it has valuation (wg(\),w(z)). Because A,
hence wo()), and also the pairing ( ,) are invariant under T', we have

(wo(A),w(z)) = (wo(A),Newt, (c)) .
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On the other hand, the set of eigenvalues of w(c) and ¢ on V) is the same. The lemma
follows because we have seen that the set of valuations of the eigenvalues of ¢ and cx o
on V), is the same. O

Recall that for two elements v, € Pg we write 11 < vy if v — 1y is a linear combination
with coefficients in R>q of elements of ®. We use the same notation for the restriction
of this ordering to (Py ).

Remark 3.5. Assume that G is GL,, T is the diagonal torus and B is the upper
triangular subgroup. We identify X*(T) with Z" and Pg = {(An, -+, A1) € R™, A, >
<+ >A1}. To any \y/ € PH{ we can associate a convex polygon in R? whose vertices are
the (i,\1+---+X;) for 0 <i<n.If y,v € Py , then u < v means that the polygon of y is
above the polygon of v with the same ending point.

Lemma 3.6. Let v € (Py)" and c € G(Q)**/conj. Then
Newt,(c) <v
if and only if for all X € (PT)T,
v(Tr(exa|Vy)) > (wo(N),v).

Note that the second inequality in the lemma does not depend on the choice of extension
of V) that we have made above, because any other choice differs from it by tensoring with
a character of T.

Proof. When G is split, this is Lemme 1.3 of [44]; we show that Lafforgue’s proof extends
to our setting without much difficulty. By (3.3.A) we may and do assume that ¢ € T(@)

We first assume that for all A € (P, v(Tr(cx o|Vi)) > (wo(A),v). For A e (PT)T let
r» = dim(V)) and consider the representations AV, for 1 <i <ry. The action of o on V,
maps V{' to V;(” ) and so the analogous statement holds for the weight spaces of AiVj.
As a representation of G, this breaks up as a sum of representations V,, with u € Pt
and p < iA. If the line generated by the highest weight vector of such a representation is
not preserved by o, which always holds if u ¢ (P*)F, then this summand of A?V), is not
preserved by o and the trace of ¢ on the sum of all such summands (which is preserved
by ¢)is 0. If p € (P*‘)F and the line spanned by the highest weight vector is preserved by
o, then this G-irreducible summand isomorphic to V), is preserved by L@. Tt is not clear
whether this representation is always isomorphic to our chosen extension but, as noted
above, the condition in the lemma is independent of the choice.

Because the lowest weight occurring in all of the representations above is > wg(iA) and
only the invariant p contribute to the trace of ¢, we deduce from the assumption at the
beginning that

v(Tr(ex ol APVY)) > i(wo(N\),v) (3.4.A)

for all 7 > 0.
Let aj,as,...,a,, be the eigenvalues of ¢ acting on V) ordered so that v(a;) <--- <
v(ay, ). Let i € {1,...,r)} be such that v(a1) =+ =v(q;) < v(a;y1). Then v(Tr(cx | A*
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Vi) =iv(a1) so we deduce from (3.4.A) that v(ag) > (wo(N),v). On the other hand, by
Lemma 3.4, v(aq) = (wo(A),Newt, (¢)) because wp(\) is the lowest weight of V. We thus
have

{(wp(N),Newt, ()} > (wo(N),v) (3.4.B)
for all A € (P1)T. Because A — —w()) is a bijection of (P1)T into itself and the cone
generated by the elements of (]5+)F is dual to the I'-invariants of the cone generated by
the positive coroots of G, we deduce that Newt, (c) <w.

The converse, not explicitly stated in [44], is simpler: If Newt,, (¢) < v, then v — Newt,(c)
is a I'-invariant element of the cone generated by the positive coroots of G. The result
then follows from the formula v(Tr(cx a|Vy)) = v(a1) = (wo(A),Newt, (¢)) used above and
the fact that (wg(\),a) <0 for any o € d+. O

4. Shimura varieties

4.1. Shimura varieties in characteristic zero

Let (G,X) be a Shimura datum [17, §1]. This means that G is a reductive group over Q,
and X is a G(R)-conjugacy class of morphisms

h: Resc/rGy — Gr
satisfying the following conditions:
(1) Let g be the Lie algebra of G. Then for any h € X, the adjoint action determines
on g a Hodge structure of type (—1,1), (0,0), (1, —1).
(2) For all h € X, Adh(i) is a Cartan involution on G*(R).
(3) G has no factor H defined over Q such that H(R) is compact.

Example 4.1. The most fundamental example is the Siegel Shimura datum (GSpQQ,H;t).
Let g € Z>1, let V =0Q2 and let ¢ be the symplectic form with ¢(e;,ea541-;) =1if 1 <
i < gand 9(ej,e;) =0if i+j #2g+1. Let GSpy, be the group of symplectic similitudes of
(V). We take HE = {M € My,4(C), M = "M, Im(M) is definite} to be the Siegel space.
Observe that H;E =HSUH,, where H] (respectively H, ) is defined by the condition
that Im(M) is positive (respectively negative) definite. Then ’H;t is the GSp,, (R)-orbit
of the morphism

. . N aly —bS,
ho : Resc/rGm — Gg, a+ibeC |—>(ng al, )
where 1, is the identity g x g matrix and S, is the g x g matrix with 1’s on the anti-
diagonal and 0’s otherwise.

Because Resc/r(C) = C* x C*, the choice of h € X determines, by projection to the
first factor, a cocharacter p: C* — G¢. We denote by P, C G¢ the parabolic defined by
P,={g9€Ge, lim; o Ad(u(t))g vexists} and by M, = Centg. (1) its Levi factor.

Let FLg, x be the flag variety parametrising parabolic subgroups in G of type P,. The
Borel embedding is the map X < FLg x given by h+ P,. Using this map, we endow X
with a complex structure [16, Proposition 1.1.14].
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Let K C G(Ay) be a compact open subgroup. We let Shx (C) = G(Q)\(X xG(Ay)/K)
be the associated Shimura variety. This is a complex manifold as soon as K is neat and
in fact it has a structure of algebraic variety over C.

The conjugacy classes of y, P, and M, are defined over a number field E = E(G,X)
called the reflex field. We deduce that FL¢ x is defined over E. Moreover, it has been
proven by Shimura, Deligne, Borovoi and Milne (see, e.g., [49]) that Shk(C) has a
canonical model Shyx — Spec F.

Example 4.2. In the Siegel case (GSpQQ,’H;E), Shk has a moduli interpretation: It is the
moduli space of abelian varieties of dimension g, with a polarisation and a level structure
(prescribed by K).

4.2. Compactifications

For any choice ¥ of rational polyhedral cone decomposition, one can construct a toroidal

compactification Shﬁ?fx of Shy. In general, this is a proper algebraic space over E and

we have the property that Dy » = Shis;\ Shx is a Cartier divisor (see [2] and [57]).

Furthermore, for a suitable choice of X, Sht]?TE is smooth and projective.

4.3. Automorphic vector bundles

Let Z4(G) be the greatest subtorus of the center of G' that has no split subtorus over Q
but that splits over R. Let G¢ = G/Zs(G).

Remark 4.3. If F' is a totally real field and G' = Resp/qGLj,, with center Z = Resy/oGL1,
then Z4(G) is the kernel of the norm map Z — GL;.

One can define ([50, IIL§ 3]) an analytic space Px(C) — Sk (C), called the principal
G°-bundle, by

Pg(C) = GQ\X xG°(C) x G(Af) /K.

There is a natural, G(C)-equivariant map Pk (C) — FL¢, x defined by sending (z,g,4") €
G(Q)\X x G°(C) x G(Ay)/K to g~'z. We therefore have a diagram of analytic spaces:

)

Px(C
. / \

ShK FLG,X

By [51, III, Theorem 4.3 a)], Px(C) is the analytification of an algebraic variety Pg
defined over F, and there is a diagram of schemes

Py
y \
Shi FLe, x

where « is G-equivariant and 3 is a G°-torsor.
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Example 4.4. In the Siegel case, let A — Shi be the universal abelian scheme (only
well defined up to quasi-isogenies, a representative of the isogeny class can be fixed by
the choice of an integral PEL-datum). Then Py is the GSp,,-torsor of trivialisations of
H1,ar(A/Shk) and the map « is given by the Hodge filtration on Hq qr(A/Shk).

Let E’ be a finite extension of E such that the conjugacy class of p, M, and P, has
representatives defined over E’ and all finite dimensional algebraic representations of
M,, are defined over E’. We now consider all of the schemes Pk, Shk, FLg x = G/P,
over E’. Denote by VBg(FL¢, x) the category of G-equivariant vector bundles on FL¢ x
and by Repg, (M),) the category of finite-dimensional algebraic representations of M, on
E’-vector spaces. There is a functor

RepE/(Mﬂ) — VBg(FLG’X)
V=V
that is defined by V = G x V/ ~ where ~ is the equivalence relation (gz,v) ~ (g,zv) for
all (g,v,2) € GxV x P,, and we let P, act on V through its projection P, — M,,.

Let VB(Shyk) be the category of vector bundles over Shx and Repg, (M,/Z:(G)) the
category of finite-dimensional algebraic representations of M,,/Z,(G) on E’-vector spaces.
We deduce that there is a functor

Repg (M, /Zs(G)) = VB(Shk)
V= VK
that is defined as follows: A representation V' of M,,/Z(G) defines a representation of
P, (by letting the unipotent radical act trivially) and therefore a G-equivariant vector

bundle V over FLg x. We can pull back this vector bundle by the map a to Px and
descend it to Shy using f.

4.4. Automorphic vector bundles and compactifications

By [28, Theorem 4.2], for a choice ¥ of rational polyhedral cone decomposition, there is
a G-torsor Pk 5z — Shi?’s, extending Pk and a diagram

/ \
Shigr, FLc, x

where « is G-equivariant and [ is a G°-torsor. Therefore, the functor V +— Vi extends
to a functor
Repgp (M, /Zs(G)) — VB(S’htI?TE)
V= VK,E

and Vg x is called the canonical extension of V. Moreover, Vi 5(—Dg x) is called the
subcanonical extension of Vg.
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4.5. Cohomology of vector bundles and Hecke operators

For any ¥, K and V € Rep(M,,/Zs(G)), we identify the vector bundle Vg 5 with its
associated locally free sheaf of sections and we consider the cohomology groups

H*(Sht]?TZ,VK,Z) and H*(Sh?TEaVK,Z(_DK,E))

By [31, Proposition 2.4] these groups are independent of the choice of ¥, and we
therefore simplify notations and let H'(K,V) = H'(Shi¢'s, Vi s) and H, (K,V) =
H'(Shi"s, Vi s(=Dk x)).

Let Hx be the Hecke algebra of functions G(A ) — Z, which are compactly supported
and bi-K-invariant. By [31, Proposition 2.6], the Hecke algebra Hyx acts on the
cohomology groups H'(K,V) and HZ,  (K,V).

Observe that the Hecke algebra is generated by the characteristic functions T, = 1 x4k
for g € G(Ay). We spell out the action of T, by writing the corresponding cohomological
correspondence. For any g € G(Ay), we have a correspondence (for suitable choices of
polyhedral cone decomposition ¥, ¥’ and ")

tor
Sh’gKgflﬂK,E”
/ K
tor tor
Sh'sy Shigls

where p; is simply the forgetful map (induced by the inclusion gKg~'NK C K), and
po is the composite of the action map g : Shg%gflm(,z// — Sh’}%g,lngg,,, and the
forgetful map Sh?}?;ﬁg_ll{g,z"’ — Shigs, (induced by the inclusion g~ KgNK C K). There
is a corresponding cohomological correspondence Ty : p5 Vg s — plvi,E that is simply
obtained by composing the natural isomorphism p3 Vi s — pj Vi, » (see [31, §2.5]) and the
map piVk,x — plvi)g that is deduced from the fundamental class p} ﬁsmx“.’"z — p!l ﬁSh}g_’"E

(see Proposition 2.6).

4.6. The infinitesimal character

Let (G,X) again be a Shimura datum. The reductive group G is defined over Q. We
have chosen an extension E’ of the reflex field E over which all representations of M,
are defined and we now also assume that E’ is large enough so that Gg/ is split. Let
S be a (split) maximal torus in Ggs and let X*(S) be its character group. We assume
that S C (M,)g. The roots for G that lie in the Lie algebra of M,, are by definition the
compact roots. The other roots are called noncompact. We make a choice of positive roots
for M,,. We also make a choice of positive roots for G by declaring that the noncompact
positive roots are those corresponding to g/p,. We denote by p the half sum of all of the
positive roots. Let x be a highest weight for M,,.

Definition 4.5. We define the infinitesimal character of x, denoted co(k), by the formula

oo(k) =—k—p € X*(9)g.
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Remark 4.6. This is a representative of the infinitesimal character of automorphic
representations contributing to the cohomology H'(K, V) or H., ., (K, V) [31, Proposition
4.3.2).

We now choose a prime p such that the group Gg, is unramified at p. As in Subsection
3.1, we denote by T' C Gg, a maximal torus, split over an unramified extension of Q, and
contained in a Borel subgroup B C Gg,. We let X*(T') be the character group of 7" and
let P* C X*(T) be the cone of dominant weights. We fix an embedding ¢ : E' < Q,.

The tori S xgpec £/ Spec Q,, and T Xgpec @, Spec Q,, are conjugated by some element g
of G(Q,). Conjugation by g defines an isomorphism X*(S) — X*(T'); this isomorphism
depends on g, but the composite map X*(S) — X*(T) — X*(T)/W ~ P* is independent
of the choice of g.

We therefore get a canonical element oo(k,t) € Pi (which only depends on ¢), which is
by definition the image of co(k) via the map X*(S)r — Py .

4.7. Newton and Hodge polygons

We assume that K = K,K? is neat and K, is hyperspecial. Let V.. be the irreducible
representation of M), defined over E’ with highest weight «.

Let H, = H(G(Q,),K,) be the Hecke algebra at p. It acts on the groups H'(K,V,)
and H{,.,(K,V.). We put H'(K,V,)g = H'(K,V,) ®g,, Q, and H: (K\Vi)g, =

cusp cusp
Htl:usp(Kv Vn) ®E”,L @p~
Using the results of Subsections 3.3 and 3.4, we have a Newton map:

Newt, : Hom(#,,Q,) = G(Q,)/c — conj — (P )".
Conjecture 4.7. Let x : H, — @p be a character occurring in Hi(K,VH)@ or
H’ (K,Vi)g - Then we have the inequality in (BT

cusp

1 } : 0

N tL < — . ) ’
ewt, (x) < IT"/Stabr (co(k,¢))| ol o)

€T /Stabr (co(k,1))

where wq is the longest element of the Weyl group.

We now explain that this conjecture is compatible with existing conjectures on the exis-
tence and properties of Galois representations attached to automorphic representations.
Our convention is that the Artin reciprocity law is normalised by sending uniformising
element to geometric Frobenius element and that the Hodge-Tate weight of the cyclotomic
character is —1.

This inequality is to be viewed as an inequality between a Newton and a Hodge
polygon. According to the work of [37] (see also [30]), all cohomology H!(K,V,) and
H!,.,(K,V.) can be represented by automorphic forms. Let m be an automorphic
representation contributing to these cohomology groups. We fix an embedding £ — C
and an isomorphism ¢ : C — @p extending our embedding ¢ : E — @p. The automorphic
representation 7 is C-algebraic with infinitesimal character co(k) = —k — p.

Let us assume that 7 is also L-algebraic (for simplicity). Then, according to [8,
Conjecture 3.2.2], there should be a geometric Galois representation p, , : Go — LG (@p)
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satisfying a list of conditions. In particular, it should be crystalline at p (because 7 has
spherical vectors at p) with Hodge-Tate weights —oo(k,¢). (Note that our sign convention
concerning the Hodge-Tate weight of the cyclotomic character is opposite to [8].) Let
X, : Hp — C be the character describing the action of #, on m,. The conjugacy class
of the crystalline Frobenius should be given by ¢ox, via the Satake isomorphism. Then
the inequality in (P )T

1
Newt, ) < — . ,
LX) < [ S o], g 2, 0
~y€T'/Stabr (co(k,t))
is the Katz-Mazur inequality (see also [44, Lemma 4.2] and Theorem 9.11).
Motivated by this conjecture, we can introduce a modified ‘integral structure’ on the
Hecke algebra H,.

Definition 4.8. Let H;”,ﬁL be the Z-subalgebra of HP®Z[q%,q*%] generated by the
elements

[Vt

Lemma 4.9. Conjecture 4.7 holds if and only if, for any character x : H, — @p occurring
in H'(K,Vy)g or Hi,e (K, Vi)g , we have x(H}". ) C Zy.

Proof. This follows from Lemma 3.6. O
Lemma 4.10. The algebra H;",iL is a Z-algebra of finite type.

Proof. Let {\1,---,A,} be dominant weights of G that generate the cone (PT)I as a
monoid and is closed under <, in the sense that if \ € (IADJF)F satisfies A < \; for some
1<i<n, then A € {\y,---,\,}. We claim that the map Z[Ty,---,T,] — ’H;’f,ﬁ where T;
goes to [Vy,]g* (1) is surjective. Let A € (P1)T, and let us prove that [Vy]g(*oo(m)
is in the image. We argue by induction and assume that this holds for all X' € (P! with
N <X We can write A=Y k;\; with k; € Z>o and we have that

[ITF = Mg 1 3 Vg™t with e, € Zs,
i=1 neP+ p<

Z Al 3T g [V gl ) g mmoete),
neP+, p<i

and we can conclude because (A — p,00(k,t)) € Z>( because A — p is a finite sum of positive
roots with nonzero integral coefficients for G. O

Proposition 4.11. Conjecture 4.7 holds if and only if both Hi(K,V,{)@ and
H.,.,(K,Vi)g contain Zy-lattices that are stable under Him

cusp DyK,L*

Proof. We deduce from Lemma 4.9 that we can find a basis for H (K, VK)@ , such that
P

the elements 7—[;’7’}; act via upper triangular matrices with integral diagonal coeflicients.
After conjugating this basis by a diagonal matrix diag(p*1, -~ ,p*») with ky > ko --- >k,
and using that H;?,i’b is a finite-type algebra, we can suppose that it acts via integral
matrices. O
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4.8. Shimura varieties of abelian type

The theory of integral models of Shimura varieties produces (in many cases) integral
structures on the coherent cohomology of automorphic vector bundles. In view of
Proposition 4.11, it is natural to ask (see Conjectures 4.15 and 4.16) whether these integral
structures are stable under the action of our integral Hecke algebras.

A Shimura datum (G,X) is of Hodge type if there is an embedding (G,X) —
(GSpgg,Hgi). A Shimura datum (G,X) is of abelian type if there is a Shimura datum
of Hodge type (G1,X;) and a central isogeny G§¢" — G that induces an isomorphism
(G4 X ¢d) ~ (G4, X 1) where X is the G¢¢(R)-conjugacy class that contains X; (and
similarly for X2%).

Example 4.12. Here is an important example of abelian Shimura datum, which we call a
Shimura datum of symplectic type. Let F' be a totally real field. We let G' = Resr/qGSp,,
and X = (H;t)[F ‘@, This datum is related to the following Hodge-type datum (which is
actually of PEL type): Take G; C G to be the subgroup of elements whose similitude
factor is in GL; and X; = (’H;‘)[F:Q] u (’Hg_)[F:Q].

We fix (G,X) a Shimura datum of abelian type and K C G(Af) a neat, compact,
open subgroup. Let p be a prime such that G is unramified at p, K = K?K,, and K, is
hyperspecial. The group G has a reductive model over Z,). Let E’ be a finite extension of
Q unramified at p, which splits G (necessarily E < E’). Let A be a prime of O dividing
p and X a prime of Ogs dividing A\. We denote by Og » and Opg ) the localisations of
Op and Og/ at A and ), respectively. The cocharacter u is defined over E’, and the
parabolic P, as well as its Levi subgroup M, have a model over Spec Og »/. Moreover,
the conjugacy class of P, is defined over Spec O, ». The flag variety FLg, x therefore has
a proper smooth canonical integral model over Spec Op, . To ease notations, we keep
denoting by G the reductive model of G over Z,), by FLg x — Spec Op » the canonical
integral model of FLg x — Spec E and by P, and M,, the models over Spec Opr x of P,
and M,,.

Theorem 4.13 ([40], [39]). There is a canonical model &b — Spec Op  of Shi.

Theorem 4.14. Assume that (G,X) is a Shimura datum of Hodge type or that (G,X)
is a Shimura datum of symplectic type. Let ¥ be a polyhedral cone decomposition.

(1) There is a canonical integral model GE)tI?T\/E — Spec Op, » for Shi's, that is smooth
for suitable choices of 3.

(2) There is a canonical integral model P v for the principal G¢-torsor P s and there
s a diagram

Shi's, FLg, x

where « is G-equivariant and B is a G®-torsor.
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Proof. The Siegel case is [20], the PEL case is [46] and [45] and the Hodge case is [55].
To our knowledge, there is no reference for the abelian case in general. We will explain in
Section 5 the proof for the case of a symplectic type Shimura datum by a simple reduction
to the PEL case. This is a straightforward generalisation of the argument presented in
[5, §3] in the case of the groups Resy/gGSp,. O

Let Repo,, ., (M,/Zs(G)) be the category of algebraic representations of M, /Z(G)
(M,/Z,(G) is viewed as a reductive group over Spec Og /) over finite free Ops x-
modules. Using Theorem 4.14 we get a functor

Repo,, ,,(M/Zs(G)) — VB(Shy')
V= VK,27

which is an integral version of the functor of Subsection 4.4. Depending on the
context, Vi s will mean the locally free sheaf over Ghtor attached to an object V €
Repo,, ,, (My/Zs(G)) or the locally free sheaf on Shi"s, attached to Vi := Vo, . E'

The cohomology complexes RF(GIJ??TE,VK ») and RF(G[)E?TZ, Vitt, (=D x)) are inde-
pendent of ¥ (this is a standard computation using the Structure ‘of the boundary; see
[47, Theorem 8.6] in the PEL case), and these are perfect complexes of Ogr x-modules.

We observe that
Im (Hi(GfJ??fzaVK,z) Q0,0 0 Ly — H' (K, VE’)@p)
and
(Y (S5, Vit (— Die ) @0, 10 Zp = Hi (K Vi )5, )

are lattices that we denote respectively by H?(K, V)Z and H K 7V)Zp

cusp(

4.9. Conjectures on the action of the integral Hecke algebra

Let x be a dominant weight for M, /Z,(G) and let V,. be the corresponding Weyl
representation, defined over Opgs . Namely, let £" be the dominant weight —was,#
for wys, the longest element of the Weyl group of M. Let By, be the Borel of M,
(corresponding to our choice of positive roots). We let V" be the space of functions
f: M, — A" with the transformation property f(mb) =" (b)f(m) for all b € Byy,. The
right action of G on itself given by g — L(g~!) (where L is the left translation) induces
a left action on the space V;, and (V) g is an irreducible highest weight representation
of weight k.

Conjecture 4.15. The lattices H (K, V, )Z and H? (K7VK>ZP are stable under H"

cusp DyK,L*

Conjecture 4.16. The algebra 1" | acts on RT(Sh ¥y, Ve, k,x) and RT(Sh R, Ve kv
(—Dk %))

Observe that Conjecture 4.15 implies Conjecture 4.7 by Proposition 4.11, and Conjec-
ture 4.16 obviously implies Conjecture 4.15.
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5. Shimura varieties of symplectic type

This section is dedicated to Shimura varieties of symplectic type. We prove the missing
part of Theorem 4.14, and we state in Theorem 5.9 some partial results towards
Conjecture 4.16 that are proved in Section 6.

5.1. Group-theoretic data

Let F be a totally real field with [F': Q] = d and let (V,¥) be a symplectic F-vector space of
dimension 2g, with basis e1, - - - ,ea4 and U(e;,e;) =01if j #2g+1—14 and ¥(e;,e29—i41) =1
if1<i<g. Let Vop={e1, -,ey) and Vi = (egy1, - ,e24) be sub-F-vector spaces of V. The
pairing ¥ on V restricts to a perfect pairing between V and V;. Let G be the algebraic
group over QQ defined by

G(R)={(9,v) e GLr(V®gR) x (F®q R)*| Vo,w € V@R, ¥(gv,gw) = v¥(v,w)}

for any Q-algebra R. Let G1 be the subgroup of G whose elements have their similitude
factor v in G,, embedded diagonally in Resg/qG.y,. Let also G be the derived subgroup
of GG defined by the condition v = 1.

Let T%" be the diagonal maximal torus of G4°": T9" = {diag(ty, -+ ,tg,t, ", )
with ¢; € Resp/gGi,. The center Z of G is the group Resp oGy, embedded diagonally in
G. Let T be the maximal torus of G, which is generated by 79" and Z. Let Z; be the
center of G1, the image of G,, embedded diagonally in G;. The maximal torus of Gy is
generated by Z; and T9".

Let X*(T) be the group of characters of T defined over Q, identified with tuples x =
(k170,~~~7k970;k0)geHom(F,@) € 2@t gatisfying the condition k, = > i kio mod2, via
the pairing

g

(k(2tr, o y2tgaty o 2T ) = H(g(z)ka Ho(ti)’““’)-

o i=1

We denote by P C G the Siegel parabolic; that is, the stabiliser of the Lagrangian
subspace V. We denote by M its Levi quotient (which we identify with the standard
Levi subgroup of P). Note that M ~ Resp/qGLy X Resp/gGm-

The roots of G corresponding to the Lie algebra of M are by definition the compact
roots; the other roots are called noncompact. We declare that a character of T' is dominant
for M if for all o € Hom(F,Q), k1,, > -+ >k, . So our choice of Borel subgroup in M is
the usual upper triangular Borel.

A character of T is dominant for G if for all ¢ € Hom(F,Q), 0 > k1,0 > > kg o (so
our choice of noncompact positive roots are those corresponding to g/p).

We have similar definitions for G; and we denote by T7, M, ..., the intersections of
T, M, ..., with G;. Weights for T} are labelled by

(bt gt ih) €27 X 2
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with the condition that k=3, k;, mod 2 and a weight x as above pairs with an
element ¢t € T} via the formula

g
(k,(2t1, - 2tg ety b oozt ) = 2F H(H J(ti)k“’)
o 1

1=

5.2. Shimura varieties of symplectic type in characteristic 0

Let H;t be the Siegel space of symmetric matrices M = A+iB € My, (C) with B definite
(positive or negative). Let X = (HF)Hom(FQ) and X; = (H))HomFQ) (3 )Hom(FQ) ¢
X. The group G(R) acts on X and its subgroup G1(R) stabilises X;. The pairs (G,X) and
(G1,X1) are Shimura data. The Siegel parabolic P is a representative of the conjugacy
class of P,.

Let K C G(Ay) be a compact open subgroup. We assume that K = [[, K, and that
K is neat. We also assume that p is unramified in F' so G(Qp) =[], |, GSpy,(F%) for
unramified extensions F), of Q,. We further assume that K, = [[ K, C G(Z,) where K,
is either GSp,,(OF,) or Si(v), the Siegel parahoric subgroup of elements with reduction
mod p in P(Og, /p).”

We let Shi(C) = G(Q)\(X x G(Af)/K) be the quotient. Let G(Q)* C G(Q) be the
subgroup of elements whose similitude factor is totally positive.

By strong approximation, we can write

G(As) =[[G@) e,

where the elements ¢ € G(Ay) are such that the elements v(c) range through a set of rep-
resentatives of F* 7\ (A;® F)* /v(K) and we find that Shg (C) = HCF(C,K)\HEOIH(F’Q),
where I'(¢, K) = G(Q)* NeKc™ L.

This is an algebraic variety over C, and it has a canonical model Shx over Q. The
Shimura variety is not of PEL type, and it is therefore useful to introduce another
Shimura variety that is of PEL type. We begin by rewriting Shx (C) = (G(Q)NK,)\(X x
G(A?) /KP) and then consider the Shimura variety of PEL type (in fact an infinite union
of such) Shx(C) = (G1(Q) N Kp)\(X1 x G(A})/KP).

By strong approximation, we find that

G(ah) =[G @T NK,)ek™,

where ¢ € G(A%}) ranges through a set of representatives of Z(X];)+\(A? ® F)* /v(KP) and
we find that Shy (C) = Hcfl(c,K)\Hglom(F’Q), where I'; (¢, K) = G1(Q)TNeKc™L. It has

a canonical model Shx — Spec Q and we have a natural morphism

S7LK — Sh}(.

2We could actually allow any parahoric level structure as in [5, Section 3.3.1], but in the sequel
we shall only need to work at hyperspecial level or Siegel parahoric level.
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On the set of geometric connected components, this map is given by : Z(XI;)+\(A?®
F)* [v(K?) = OF ) \(A] & F)* /v(K?). N
If we let ¢ € G(A%) so that v(c) defines geometrically connected components (Shi).

of Shy and (Shk). of Shk, then the corresponding map (ShK) (Shk). is a finite
Galois cover with group

A(K) = (0" nuv(K?)) /(05 N KP),

where the first intersection is taken in (A% ® F')* and the second in G(A%), with Of
embedded diagonally in the center of G.

5.3. Integral models

We observe that 371;( has a canonical model évb K over Z,) that is a moduli space of
abelian varieties of dimension gd with K-level structure, prime to p polarisation, and an
action of Op. More precisely, &b represents the functor over Z(,) that parametrises
equivalence classes of (A4,:,A\,n,7,), where

1) A — Spec R is an abelian scheme,
2) t:Op — End(A) ® Z,) is an action,

3) Lie(A) is a locally free Op ®z R-module of rank g,

5

6) np is a Kp-level structure.

(1)
(2)
(3)
(4) A: A— Al is a prime to p, Op-linear quasi-polarisation,
(5) n is a KP-level structure and

(6)

Let us spell out the definition of KP-level structure. We may assume without loss of
generality that S = Spec R is connected, and we fix § a geometric point of S. The adelic
Tate module H; (4|5, A°>P) carries a symplectic Weil pairing

<, > Hi(A|5,AP) x Hy (A|5,A%P) = Hy (G, |5,A%P)
or, equivalently, an F-linear symplectic pairing

<, >1,>\Z Hl(A|§,ADO’p) X Hl(A|§,AOO’p) — Hl(Gm|§,Aoo’p) ®F

The level structure 7 is a KP-orbit of pairs of isomorphisms (71,72), where (with V the
standard symplectic space defined above)

(1) An Op-linear isomorphism of I3 (S,5)-modules 7 : V @z AP ~ H; (A|5,AP).
(2) An Op-linear isomorphism of II; (S,5)-modules 79 : F'®7 AP ~ F Q,,H1 (G, |5,AP).
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We moreover impose that the following diagram is commutative:

71 XM

V @5 AP X V ®y AP Hy (Als, A%P) x Hy (Al5, A%P)

J{<,>1 i<7>1,>\

F®Z Aoo,p F®Z H1 (Gm g,Aoo,p)

The K, level structure 7, is the data, for each v | p such that K, = Si(v), of a maximal
totally isotropic subgroup H, C A[v].

A map between quintuples (A,:,A,n,n,) and (A", X' ;n',n;,) is an Op-linear prime to p
quasi-isogeny (in the sense of [46, Definition 1.3.1.17]) f: A — A’ such that

e f*A=r) for a locally constant function r: .S — Z(Xp;r,

f(np) =mn, and
o Hi(f)on=n'

This last condition means that 7’ is defined by Hy(f)on; =n} and n} =r"1ny. Also, we
have denoted ZX . Q>OOZX

Remark 5.1. Note that we allow the similitude factor in the level structure to be in
AP ®q F(1), but we only allow quasi-isogenies with similitude factor in A°>P(1).

We now deﬁne an action of (OF)(X ’)+ on Shg by scaling the polarisation. Namely,
x € ((’)F) * sends (A, \1,1,) to (A,,,z\,xn,m,) where zn = (11,275).

This actlon restricts to a trivial action on the subgroup v(K? ﬂO; ® )) (where O;} )
is embedded diagonally in G(Ay)), because for any = € K N O} F.(p) the multiplication by
x: A — A identifies the points (4,¢,\ 77,77p) and (A, z72\,272n,m,).

We therefore get an action of A = (’)F (o )/1/( ﬂ(’); (0 )) One can show that this action
is free [5, Lemma 3.3.13]. The group A s infinite, but the stabiliser of any connected
component of ShK is finite.

The étale surjective map ShK — Shy identifies Shik as the quotient of ShK by the
group A. The action of the group A extends to a free action on Sh. We can form the
quotient of (757) & by A, and this defines an integral model &by for Shy over Z, (see [5,
Section 3.3]).

5.4. Compactifications
~t
We have smooth toroidal compactifications Gh ;TE for suitable choices of polyhedral cone

~t
decompositions. The action of A extends to an action on &b I;TZ, and this action is free
so we get a smooth integral toroidal compactification Ghtor of &by . See Subsection 3.5

of [5].

https://doi.org/10.1017/51474748021000050 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000050

28 N. Fakhruddin and V. Pilloni

5.5. Integral automorphic sheaves

Let E’ be a Galois closure of F, X' be a place of E' above p and O » the localisation
of Opr at A. Let Repp, |, (M1) be the category of representations of M over finite free

Op/ y-modules. Let FLg x = G/Q = G1/GQ1 be the flag variety.
—~ tor
By [45, Proposition 6.9], over Gh k.5 the first relative de Rham homology group has a

—~t
canonical extension H1 4r(A/Sh ;TE)C“” and it carries the Hodge filtration

0= war — Haan(A/Ghy )™ = Lie(A) — 0

and a pairing (,), induced by the polarisation. We can consider the principal G;-torsor

~ —~tor —~ tor
Pg s — Shy 5, of isomorphisms between H1 4r(A/Sb 5)",(,)x and (V,¥).
We therefore obtain the following diagram:

PBr,=

BN

Shg s FLg x

where « is Gi-equivariant and [ is a Gp-torsor. Using this Gi-torsor we can define a
functor Repo , |, (M) — VB(@?)ZTE).

Let k= ((k1,0, " ,kg,0)o); k) be a dominant weight for M;. There is an associated Weyl
representation V,; and we denote by V. i s the locally free sheaf corresponding to it via
the above functor.

Example 5.2. Over Op/ y we have wy = $s(wa)s. Let 09 € Hom(F,E'). Let k =
(k1,60 1 kg,0)0); k) with k; o =01if 0 # 0 and (k1,4, 1 kg,00) = (0,---,0,—1) and k=1,
then V.. k5 =Lie(A)y,. Therefore, if k = ((k1,0, - ,kg,0 )0 ); k) With k; » =0 if 0 # 0 and
(k1,00 "+ 1kg,00) = (1,0,---,0) and k = —1, then V, x5 = (WA)oy-

Let Z,(G) be the subgroup of the centre of G equal to the kernel of the norm map and
we let G¢ = G/Zs(G). We now restate and prove the missing part of Theorem 4.14.

Proposition 5.3. There is a natural commutative diagram

Sh's: FLg x

where o is G-equivariant and B’ is a G¢-torsor.
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Proof. We have a commutative diagram

Pr,x

BN

CLIS FLg, x

We consider the G¢-torsor K. x%1 G¢. We claim that this torsor descends to GF)?TZ.
In order to prove this, we must exhibit a descent datum for the action of A.

Let (A,¢,A,1,mp,¥) be an R-point of Px 5 x“1 G, where ¥ : V@R — H1 4r(A/R)™ is
a symplectic isomorphism up to a similitude factor in (F'® R)*. For any z € K? ﬂO; ()
the multiplication by ! : A — A induces a natural map

Hl’dR(A/R)Can — Hl,dR(A/R)Can

that is scalar multiplication by z~! in the trivialisation W. We observe that z €

Zs(G)(OFp), and therefore in {ﬁ}(,z x% @° the multiplication by z~! induces a
canonical isomorphism between (A,i,A\7,m,,¥) and (A,t,2?A\n,n,, V). Therefore, we
can simply define an action of ((DF)(XP’)+ on %K,Z xG1 G by sending (A,u,\,n,7p,¥)
to (A,¢,xA,xn,mp,¥), and this action passes to the quotient to an action of A.

We can therefore descend the torsor ‘:]V3K,g xG1 G¢ to a G-torsor Prs — Gh?{’&.
Moreover, one descends similarly the P¢-reduction of 53&2 xC@1 G¢, and therefore get
amap ' : Pk s — FLg x. O

Corollary 5.4. There is a functor Repo, |, (M/Zs(G)) — VB(&h¥'s,) which makes the
following diagram commute: ’

—~ tor

RePoE,‘A,(Ml) VB(6hK,E)

Repo,, |, (M/Z,(G)) — VB(Sh¥'s)

A

Remark 5.5. Let k= (k170,~~~,kg70;ka)Hom(F 9 be a dominant weight for M, with
associated Weyl representation V,;. The representation V; belongs to Repy , |, (M/Zs(G))
if and only if k, = k is independent of o. '

5.6. Minuscule coweights and the main theorem in the symplectic case

5.6.1. The general formula for minuscule coweights. We take E’ to be the Galois
closure of F'. Welet ¢: B/ — @p. Let p be a prime unramified in F' and denote by p1, -+ ,p.m
the prime ideals above p in F. We let T = Hom(F,E’) and for each 1 <i <n, let

I; ={0o € Hom(F,E’), 100 induces the p;-adic valuation on F}.
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We consider a weight & = ((k1,6, -+ ,kg,0)oer; k) for G, where we assume that the parity
of >, ki, is independent of o, and we choose k € Z such that } k; , = k mod 2. We
have, by Corollary 5.4, a sheaf V, i x on 6[)3?7’“2.

The spherical Hecke algebra at p, denoted H,, is a tensor product of the spherical Hecke
algebras H,, at each prime p; dividing p. Each of the algebras H,, contains the following

familiar characteristic functions of double cosets

Ty = GSpy, (OF, )diag(p; '14,14)GSpy, (O, )

K2

and Sp**¢ = GSp,, (O, )diag(p;l,pfl)Gszg(OFpi), and to each of these double cosets
we can associate a cohomological correspondence over Q on the sheaf V. g » (see
Subsection 4.5). We have added the superscript ‘naive’ because the cohomological
correspondence is not suitably normalised in general.

By definition T7'*"¢ = Ty (see Subsection 3.2) for the cocharacter A : t —
(IT, ez, diag(t—'14,14)) x (I1, ¢, diag(1y,14)), which is given in coordinates by

(TL@0:0)) « (TL4— £b).
odl; o€l;

and S}'*"¢ =T, for the cocharacter pu: t+— ([, c;, diag(t™'1,,t7'1,)) x (IL, ¢, diag(1y,14)),
which is given in coordinates by

(TT @000, ) x (T (0,-++,05-1)).

oél; ocl;

(SIS

Remark 5.6. The goal of this remark is to justify the use of the double class
GSpyy(OF,, )diag(pi_l19719)Gsp2g(OFpi)

rather than the double class
GSpy,(OF,, )diag(pily,14)GSpyy (OF, ),

which appears in some classical references. The difference can be explained as follows:
The adelic points of G act on the right on the tower of Shimura varieties and therefore on
the left on the cohomology; in the classical theory of modular forms, one usually defines
a right action of the Hecke algebra on the space of modular forms. Let us give some more
details. To avoid complications with non-PEL Shimura varieties, we will assume that our
totally real field is Q. For simplicity, we also assume that K C GSp4(Z). Associated to
the element g = diag(pfllg,lg) we have a correspondence over Q:

tor
Sthg_lf‘lK,E”
/ K
Shtor Shtor
K, X K, X

and the relation between p7A and p3A is given as follows (at least away from the
boundary). There are symplectic isomorphisms t; : Z29 — Hy(pfA,Z) mod gKg ' N K
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and 1y : 729 — Hy (p5A,Z) mod g~ ' KgNK and a commutative diagram

229@)(@%(])229@@

ok

Hl (pgAaZ) ®Q I Hl(p){sz) ® Q

Therefore, the lattice Hy(p5A,Z) contains the lattice Hy(p%A,Z). This means that pjA
appears to be the quotient of pfA by a Lagrangian subgroup of ptA[p]. The Shimura
variety Shgg,-1ni is therefore parametrising all Lagrangian subgroups of piA and
the projection po is given by ‘taking the quotient by the Lagrangian subgroup’. If we
had made the choice of g = diag(14,pl,), then we would have obtained the transposed
correspondence.

Motivated by Definition 4.8, we now let
Ty, = [Va]pioets :p</\,<><>(m,L)>—</\7/J)T;Liaive7

where the last equality follows from the fact that A is minuscule. We now determine the
value of the coefficient (A, 00(k,t))) — (A, p).

Lemma 5.7. We have (\,00(k,t)) — (A, p) =

1—1 koo — (Z?:ﬁl kf*") tE GG+

sup
so1<i<y 2 2
Proof. We have p= (_17 =2, _g;O)O'EIa S0 (’%—’—p)a = (_17 =2, _g7k) if o ¢ I;

and (k+p)e = (k1,6 — Lko,o —2,--+ kg0 —g;k) if o € I;. By definition, oo(k,t), is the
Weyl translate of —(k+ p), in the dominant cone. We have A, = (0, ---,0;0) if o ¢ I;, and

Ao =(—3,-++,—3;—1). We clearly have

(A00(k,e)) = (A p) = ZO‘U’OO(H;L)U» —(AosPar)

oel

and the contribution to the sum of any o ¢ I; is 0.

Let us fix 0 € I; and compute the corresponding pairing at o. We need to put each
—(k+p)o in the dominant cone (i.e., the coordinates on the left of the semicolon need to
be nonpositive and in decreasing order) and the pairing with A, will amount to taking
the sum of the coordinates and multiplying it by —1.

Now there will be some integer 0 < j < g such that the first j coordinates of —(k+p),
are nonpositive and the next g — j coordinates are nonnegative. In that case, the weight
will be put in the dominant form by first changing it to

(_kl,a'i_l) Tty _kj,O' +.j7kj+1,0' _J - 1) 7kg,0' _gv_k;)

(so that all entries on the left of the semicolon are nonpositive) and then applying an
element of the Weyl group of the Levi to put it in the dominant form. Of course, this
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last operation is irrelevant for computing the pairing because we will take the sum of all
coordinates.
We therefore find that in this case

Zi:l kﬁ,a - (Zg:j+1 k@,o) +k

J g

Now we note that for any j’ # j, the corresponding sum on the right-hand side above,
with j replaced by j’, is less than or equal to the sum for j. The formula then follows
from the observation that —(\s,pe) = —3>9_, L. O

Similarly, motivated by Definition 4.8, we also set

(Aoy00(Kiyt) o) =

k3

Sp. = [V, ptoo(me) = plos(m)i=(np) gnaive

and it is elementary to check that Sy, = p>=<’: kgnaive,

Remark 5.8. The coweights A and p (for varying primes p;) are the only minuscule
coweights (up to twist by a central coweight). Unfortunately, our techniques do not allow
us to deal with nonminuscule coweights well, and this is why we do not consider the entire
Hecke algebra.

5.6.2. The main result in the symplectic case. We have the following partial result
towards Conjecture 4.16:

Theorem 5.9. There are algebra morphisms

®o<icmZ[Ty,,Sp,, 5.1 = End(RT(Sh %", Vi, k,3))

and

®o<icmZ[Tp,,Sp,»Sp,' ] = End(RL(Sh R s, Vi, k. 2(— Dk x)))

extending the action over Q (see Subsection /.5).

We now discuss some special cases of the theorem.

5.6.3. G = GL2/Q. The sheaf of weight k¥ modular forms corresponds to the weight
(k;—k) := k. From the formula of Lemma 5.7, we deduce that T, = p~ inf{lvk}T;ai”e and
Sp =p~FS5pee and that

HIM = 7[T,, 5,58, ]

It follows from Theorem 5.9 that H;",ﬁ acts on the cohomology complex of weight k

modular forms. Conjecture 4.16 is thus proven in this case.

5.6.4. G=GLy/F. Welet k = ((ks)s;k)s with the property that k& and all of the k,
have the same parity. Then we find that

Zaeli sup { kngrk -1, kiQkU }Tnaive
Pi

sz‘ =D
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and
SF‘i = nggli kS;LimUe’
We deduce that H* = ®;H" | where

Pk, pi, K7

,H;J:Lat"i = Z[Tpmspmsil]-

It follows from Theorem 5.9 that ’I—l;’fﬁ,L acts on the cohomology complex of weight &

modular forms. Conjecture 4.16 is thus also proven in this case.

5.6.5. G = GSp,,/Q. We take x = (ki,---,kg;—> k;). Our choice of the central
character is the standard choice in the theory of Siegel modular forms. Indeed, the sheaf
V.. k.5 has the following elementary description. First, on (‘5()3??”2, we have a semi-abelian

scheme A of dimension g, and we denote by w4 the conormal sheaf. We denote by T

—~—tor

the torsor of trivialisations of w4. This is a GLg-torsor and we let = : 7 — Sh;jx be
the projection. Then, unravelling the definitions, we find that V,, x5 = 7,07 [k"] where
kY =(—kg, -+, — k1) (and m.Or[k"] is the subsheaf of 7,07 of sections that transform

by the character £ under the action of the Borel). We finally obtain that

s j (3+1) :
T, = pPrsscal= ey b S0 raive
— n— ki Qnaive
and S, =p X Sy .

6. Local model in the symplectic case

In this section we will prove Theorem 5.9. The actions of the normalised Hecke operators
will be defined using the results of Section 2, in particular the construction in Example
2.11. In order to do this, we need to understand the integrality properties of the Hecke
correspondences with respect to automorphic vector bundles and also the pullback maps
on differentials. This will be done by using the theory of local models of Shimura varieties.
Variants of the local models we consider in this section were introduced in [10], [18], [16]
and studied further by Gortz [23]; for a general introduction to the theory of local models
the reader may consult [54].

After recalling the basic facts about the local models for symplectic groups, we prove
two results, Proposition 6.5 (on the integrality properties of differentials) and Lemma
6.7 (on the integrality properties on automorphic bundles), which are used to construct
normalised Hecke operators on the local model in Proposition 6.8. We then transport
these computations to the Shimura variety side using Theorem 6.9 and thereby prove
Theorem 5.9.

6.1. Definition

Let g € Z>, be an integer. For any positive integer ¢, we let Id; be the identity ¢ x ¢
matrix and we let K; be the anti-diagonal matrix of size ¢ x ¢, with coefficients 1 on the
anti-diagonal. When the context is clear, we sometimes write K instead of K; and Id
instead of Id;.
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Let Vo = Z29. We equip Vj with the symplectic pairing ¢ given by the matrix

— 0 K
=[5 )

We now consider modules Vi, ---,Vay_1 = 729 and the following chain:
Vo: Vo= Vi— o= Vog 1 — Vo,

where the map from V; to V;41 is given in the canonical basis (e, - ,es,) of Z?9 by the
map e; — e; if j #1+1 and e; 1 — pe;+1. Whenever necessary, indices are taken modulo
2g so that Vo, 1= Vj.

This chain is self-dual. The pairing 1 and the maps in the chain induce pairings ¥ :
V,. X Vag_ — Z, which can be written as p%¢’, for a perfect pairing 1.

Let us fix aset § £ T € {0,1,---,g}. We define the local model functor My : Z— ALG —
SETS that associates to an object R of Z — ALG the set of isomorphism classes of
commutative diagrams

Vie@zR——V;, @z R —— - ——V; @z R

] !

m

where i <y --- <y, are such that {io,---,i,} =IU{2g—i|i € I}, the modules F;,, for
0 <j <m, are rank g locally direct factors of V;, @z R and they are self-dual in the sense
that F2lg_i = F; for all ¢ € I (with respect to the pairing ).

The functor M; is represented by a projective scheme that we denote by Mj. It is
a closed subscheme of a product of Grassmannians, the embedding being given by the
vertical maps of diagrams as above.

When () # J C I, there is an obvious map M; — M given by forgetting the modules F}
for j € I'\J. There is a canonical isomorphism Mgy ~ Mg given by taking F, C Vy®z R
to be Fy via the tautological identification of V4 and V.

6.2. The affine Grassmannian

Let Vo = F,[[t]]*9. We equip V, with the symplectic pairing 1 given by the matrix

— 0 K,
=[5 )

We now consider modules Vi, -+, Va1 =F,[[t]]*9 and the chain
Ve=Vo—=>V; — -+ —>V2971 — Vo,

where the map from V; to V;41 is given in the canonical basis (e, -,eq,) of Fp[[t]?9
by the map e; — e; if j #4i+1 and e;41 — te;41. Whenever necessary, indices are taken
modulo 2g so that Vs, :=Vy. Observe that V, Q®F, (1] Fp,=Ve®@zF,.

Let LG denote the loop group of GSp,, over Fj. The group LG acts naturally on
Vo @, (177) Fp((T')) and therefore it acts on the chain Ve @, (1) Fp ((T')).
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Let 0 # 1 C {0,1,---,g}. Let V! be the subchain of V, where we keep only the modules
indexed by elements i € I and i’ = 2g —i for ¢ € I. We denote by P the parahoric subgroup
of LG of automorphisms of the chain V. For any I as above, we define the affine flag
variety as the ind-scheme Fy:= LG/Pr.

6.3. Stratification of the local model

It was observed by Gottz [23, §5] that the fibre M of M; over Spec I, embeds as a finite
union of P; orbits in F;. We recall the description of the map M ; — F;. Given a diagram

Vie@zR——V;, @z R ——--- ——V; ®z R

] |

corresponding to an R-point of M, we can construct a new diagram
Vio ®ZR4>V1'1 Rz R ——> - 4>Vim ®z R

| | |

Fia Fi, .. F

im

| T T

tViO®ZRHtVi1 ®ZRHHtVzm®ZR

where all of the vertical maps are inclusions and each J;, is determined by the property
that 75, /tV;, @z R= F;, — (V;, /tVi;) @z R=V;; ® R. The chain F, determines an R-point
of ]:1.

We now recall the combinatorial description of the image of M; in F;: Fix a Borel
subgroup B of GSp,, and a maximal torus 7' C B. This gives a base for the root datum of
GSp,, with a corresponding Dynkin diagram with g vertices and Weyl group W generated

by reflections s1,s9,...,54. Let W be the extended affine Weyl group of GSp,,,. This is the
semi-direct product of the Weyl group W and the cocharacter group X, (7). It contains
as a subgroup Wy, the affine Weyl group of GSp,,, which is a Coxeter group with simple
reflections s1,59,...,5, and one affine reflection sg.

We give a concrete realisation of W and 1% following [43]. The group W can be realised
as the subgroup of Sy,, the group of permutations of {1,2,...,2¢g}, which satisfy the
condition w(i)+w(2g+i—1)=2g+1foralli=1,---,2g. The extended affine Weyl group
of GLg is Z?9 x Sag. It can be realised as a subgroup of the group of affine transformations
of Z*9 with Z*9 acting by translation and Ss, by permutation of the coordinates. For
an element v € Z29 we will denote the corresponding translation by t,. The group W is
realised as the centraliser in Z29 x Sa, of the element (1,2¢)(2,2g—1)---(g,g+1) € Sp,y. We
have s; = (4, +1)(2g+1—14,29—1) for 1 <i <g—1, sy = (g,9+1) and 8¢9 = t(_1,0,...,0,1) ¥
(1,29). We let p=(1,---,1,0,---0) € Z?9 (with both 1 and 0 repeated g times) be the
minuscule coweight corresponding to our situation.
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For each I as above, we let W} be the subgroup of W generated by the simple reflexions
si,4 ¢ I. This is a finite e group because [ 75(2) The P; orbits in F; are parametrised by
the double cosets WI\W/ Wi. For any w € W we denote the orbit corresponding to the
double coset WywW; by Uy ., and the orbit closure by X7y ,,. The orbits included in M;
are parametrised by the finite subset Adm(p) of WI\W /W7 of p-admissible elements as
defined in [43, Introduction]. The open orbits — these are the only ones we will need to
know explicitly — are parametrised by the double cosets corresponding to elements in the
W-orbit of p (viewed as translations in W).

As noted earlier, whenever J C I we have a map M; — M. This map is surjective and
Adm () is the image of Admy(u) in W \W /W ;.

When I ={0,--,9}, Kottwitz and Rapoport give a description of the set Adm(u).
This is a subset of W rc C W where ¢ = t(0,-,0,1,-,1) - (Lg+1)(2,9+2)... (9,29). We can
transport the Bruhat order and the length function from W, to W, c via the bijection
Wap =~ Wey c of multiplication by c on the right. We observe that ;1 € W, ¢ c; indeed,

H=w,c,

where w, = (SgSg—1...51)(Sg...52)...(848g—1)sg € Wys. Observe also that the length of
W is %. The set Admy(p) is precisely the subset of W, c of elements that are < a
translation t,,., for some w € W [43, Theorem 4.5]. Furthermore, for each w € Admy(u),
the stratum Uy ,, has dimension £(w).

6.4. Irreducible components

6.4.1. The case that I ={0,---,g}. There are 29 translations in the W orbit of u
and they correspond to the open stratum in each of the 29 irreducible components of
M when I ={0,---,g}. These 29 translations are parametrised by W/W. where W,
is the subgroup of W of elements that stabilise p. It identifies with the elements in
W C Sy4 that preserve the sets {1,---,g} and {g+1,---,2g}, so this group is isomorphic
to Sg. The quotient W/W, has a set of representatives in W, denoted W¢, and called
Kostant representatives. An element w € W€ is characterised by the property that it
is the element of minimal length in the coset wW,. The elements in W€ are exactly the
permuations w € W for which w=1(g) >--- > w~!(1). Such representatives are in bijection
with functions s: {1,---,g} — {1,---,2g}, which are increasing and take exactly once one
of the values {i,29+1—i} for all 1 <i<g. (Just set s, =w~1(i).) Moreover, the length
@ =D ietm(s)n {1, g} I~ i+ 1

We can concretely determine an element of each of the orbits in M corresponding
to these ty, for I ={0,---,g} as follows. The group W can be viewed as a subgroup of
GSpa, (Fp((t))), with W being represented by permutation matrices and the elements of
X, (T) as diagonal matrices by x € X,(T') — x(t). The element t,, is thereby identified
with diag(¢,---,t,1,---1).

We now consider the inclusion of chains

of an element w with the corresponding function s is

tVe C th(Vo) C Ve.
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By reduction modulo ¢ and using the identification Ve ®p, ;) Fp = Ve @2 Fp, we deduce
that tyu(Ve)/tVe — V, defines an F), point of M7, which represents the wu-orbit.

Remark 6.1. Let F, C V, ®k be a k-point in the wy orbit. Let s:{1,---,g} = {1,...,2g}
be the associated function. We actually get that the map

Fi—l — F‘Z

is an isomorphism if and only V;_1/F;_; — V;/F; has kernel and cokernel of dimension 1
and if and only if ¢ € Im(s).

6.4.2. The case that I = {0}. The special fibre M{O} of Mg, is smooth and
irreducible. Moreover, there is a single orbit.

6.4.3. The case that I ={0,9}.

Lemma 6.2. The special fibre M{o’g} of Mo, gy has g+ 1 irreducible components. There
are g+ 1 open strata for the Kottwitz-Rapoport stratification, indexred by the integers
0<s<g. For each 0 < s < g, a representative of the s-stratum is given by taking

FO(S) = Fg(s) = <es+1a e aega62gfs+1; e 7629>~

This corresponds to the element diag(tlds,Idg—s,tIdg—s,Ids) € LG.

Proof. It is easy to see that for all w € W, there exists a w’ € W and 0 < s < g such that
W'ty = diag(tIds, Idg— s, tIdy—,Idy).

This simply follows from the fact that S, = W;. It is easy to see that all of the orbits
corresponding to these elements are disjoint and of dimension @. O

Remark 6.3. We have the equality diag(tlds,Idg—_s,tIdg—s,1d,) = w(s)(tldg,Id,) where
w(s)(@)=1if i <s, w(s)(i)=29g+1—iif s+1<i<g.

6.5. Local geometry of the local model

The local model Mg, is smooth of relative dimension w. The other local models My
for I # {0} and I # {g} are isomorphic to Mgy over Spec Z[1/p] but they have singular
special fibre at p. Nevertheless, we have the following important result, the first part due

to Gortz [23, Theorem 2.1] and the second to He [33, Theorem 1.2].

Theorem 6.4. The local models M are flat over Z and M is reduced. Furthermore,
M7 is Cohen-Macaulay.
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6.6. Hecke correspondence on the affine Grassmannians

We consider the correspondence

We now pick the element w(s)u € W and restrict this map to a map

Uto,93,w(s)u

S

Ulgy,w(s)n Uo},w(s)u

Proposition 6.5. The map on differentials dp; : ptQ} has kernel

(g—s)(g—s+1)
Jp la=dlg=stl),

1
—Q

Utoy, w(s)u Uto, g}, w(s)n

and cokernel a locally free sheaf of ran.

Proof. We have

Uto,ghw(s)n = Pro.g}/ (Pro,g1 N bus)nP(0,0) b (s)0)

Utoy,w(syn = Proy/ (Proy Mouw(o)nP(0} tus),)
and p; is the obvious P(g 4)-equivariant projection

P0.91/ (P10, M tu()nP10,93 bm(er) = Proy/ (Proy Mbu(s)uPioy b o)) -

Because the map is P(g, 4)-equivariant, it suffices to prove the claim in the tangent space
at the identity.

We first determine the shape of Poy and Py 4. The group Pyoy is the hyperspecial
subgroup of LG, whose R-points are G(R[[t]]). The group Pyq g} is the Siegel parabolic

group
Pro.gy(R) ={M = ({.3) € LG(R)},

where a,b,¢,d € My 4(R[[t]]).

We now determine that Py Nty (s),Prorty, consists of matrices with the following

1
(s)w
shape (the * have integral values, the rows and columns are of size s, g —s, g— s, and s):

* tx x tx
* Kk kX
* tx x tx
* Kk kX
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-1

We also determine that Pro g1 Nty (s).Pro, g3t consists of matrices with the following

w(s)p
shape:
*  tx  x Ix
* Kk k%
tx 2% * itk

tx tx x x

Passing to the Lie algebras, we easily see that the kernel of the map

—1 —1
P10,91/ (P{0,93 N tuw(6)uP (0,1 b)) = P10}/ (P10} Nbus)P (0} bunsy )

is the set of matrices of the form

0 0 0 O
0 0 0 O
0 tA 0 0
0 0 00
with A € My_oxy(Fp) satisfies K]  AK, ;= A (the symplectic condition). O

6.7. The Hecke correspondence on the local model

We consider the correspondence

M{O,g}

Mgy Moy

6.7.1. Sheaves on the local model. Let X be a scheme and L be a locally free sheaf
of rank g over X. We let Ty, = Isomx (0%,L) be the associated torsor. We let w be the
universal trivialisation. The group GL, acts on the right by wy =wo~. Let T be the
standard diagonal torus in GL, and let B be the upper triangular Borel.

Let X*(T) be the character group of 7. We have X*(T) ~ Z9 via (k1,---,kq)
[diag(tq, - ,tg) Htf] and P71, the cone of dominant weights, is given by ki > ko >
>k,

For all kK € X*(T) we denote by L, = m,0r, [k'] where m,0r, [k"] is the subsheaf
of m,Or, of sections f(w) (w a trivialisation of L) that satisfy f(wb) = " (b)f(w) and
kY = (—kg,---,— k1) and b € B. This is a locally free sheaf over X.

We can in particular apply this construction to the sheaves Lo = (Vo /Fp)Y on M. {0y and
Ly = (Vy/Fy)¥ on Mgy to obtain sheaves Lo, on Mgy and Lg . on My,

Remark 6.6. We have isomorphisms L, >~ F, and Lo ~ Fy using the pairing, but these
isomorphisms are not equivariant for the action of the center of the group G (there is a
‘Tate’ twist).

6.7.2. The map Ly, — Lo .. The natural map Vo — V; induces a map piVy/Fy —
p3Vy/Fy over My 4y and by duality a map p5L, — pjLo that we denote by a. The
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map « is an isomorphism on the generic fibre of Mg 4y, so it induces an isomorphism
a* :p5Lg . — piLo,x on the generic fibre for each x. We now investigate the integral
properties of this map.

Lemma 6.7. Let k= (ky,---,kg). Let 0 < s <g. Let § be the generic point of Uyg 43(s).
The map o* induces a map o* : (p5Lg )¢ — pFotFha—s+1(piLg )¢ over the local ring
ﬁMo g:§°

Proof. We first check that over Uy 43(s), the map « has kernel and cokernel a locally
free sheaf of rank s. Indeed, it is enough to check this at the point corresponding to t,(s),,
in which case the corresponding diagram is

diag(tlg,14)
Vo ———=V,

tw(S)#T tW(S)“T
diag(tlg,1g)

0 = Vg

and our claim is simply that the map Vo/tu(s)uVo = Vy/tw(s)uVy has kernel of rank s.
This is obvious.

We can work over the completion R of Oy, , ¢, which has uniformising element p. We
also denote by v the p-adic valuation on R normalised by v(p) = 1. We fix isomorphisms
Ly ~ R9 and L, ~ RY such that a = diag(pls,14—5) in these bases. We have

GLy(R)= [] TwwU(R)
wESy

the Iwahori decomposition with Iw the matrices that are upper triangular mod p and U
the unipotent radical of B. Let f € L, .. Then for ¢ € Iw and w € S,

o fiw) = flo i)
= fla Naww o w)
= fla Yiaw)kY (w™ o™ w).
Because a ltiow € GLyg(R), we deduce that o(f(a tiaw)sY(w o w)) >
v(kY (w™ta"tw)) > kg+kg 14+ k(g—st1) for all w because ky > ky > --- > k. O

6.7.3. The cohomological correspondence. We may now construct a cohomological
correspondence. By Proposition 2.6 and Theorem 6.4, we have a fundamental class
PIOM —p) Oy, - Moreover, the sheaf p!lﬁM{O} is a CM sheaf.

There is also a map o : p5Lg . --+ p7Lo . defined on the generic fibre, so that
putting everything together, we have a generically defined map (the naive cohomological
correspondence)

Tnaive

:p5Lg . - pllLO’,i.

We may now normalise this correspondence.
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JG+1)
2

Proposition 6.8. Let T =p~ i {Z'Z:Hl ket }T"“i”e. Then T is a true cohomolog-

ical correspondence:
1
T :p5Lg . — p1Lo, k-

Proof. Because p’lLo, x 1s a CM sheaf, any generically defined map from a locally free
sheaf into pllLoy,i is defined globally if it is defined in codimension 1. So it is enough to
check that T is defined at the generic points of all components of M{Q g)- Let 0<s<g
and let £ be the generic point of the stratum Uy 41(s). At this point, we see that 77 :

(9=5)(g=s+1)
(P5Lg k)e — ng=gfs+1 ket =55 (p!lLo,n)g by combining Lemma 6.7 and Proposition

6.5. O

6.7.4. Proof of Theorem 5.9. The main point of the theorem is to construct the
action of T},. The action of S,, is by automorphisms (they are some generalised diamond
operators), and the commutativity of the various operators is rather formal

We fix some prime p;. We let K(p;) = K Nt;Kt; ' for t; = diag(ww; '1,,1,) C G(Ay)
where w; is the finite adele, which is 1 at all places different from p; and p at p;.

We claim that there is a Hecke correspondence

tor
K p ) E/I

which extends the usual Hecke correspondence on the generic fibre. In order to construct
this correspondence we use the PEL Shimura variety. We claim that there is a diagram

to7
K 3

Sk p, (6.7.A)
P2 l D1
Ghy &b ke p) Ghy
BN
Shy Shy

where the lower hat is simply the quotient of the top hat by the action of A. The right
square is Cartesian by definition. We explain how to define ps in order to make the left
square Cartesian. We take a totally positive element z; € F*>* that has the property that
its p;-adic valuation is exactly 1 but that its pj-adic valuation is 0 for all j # 4. Given
a point (A4,¢,An,m,) in é\i) K(p;) Where 7, corresponds to a maximal totally isotropic
subgroup H of A[p;] we define pa((A,¢,A\,n,mp)) = (A", ,N,1’) where A’ =A/H, /' and o/
have the obvious definitions and ) is defined by descending the polarisation x; A to A/H.
This indeed defines a prime to p polarisation.
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The vertical maps in the above diagram are étale and surjective. We note that ps is not
canonical (because of the ambiguity in the choice of x;) but that ps is canonical.

Let k = (k1,0 " ,kg,0);k)ocr be a dominant weight for M, /Z.(G): k1,6 > -+ > kg0,
and both k and ), k; , have the same parity. After inverting p, there is a map (denoted
T;, in Subsection 4.5) Tp"i‘”“e 1p5 Ve, x — p!lV,ﬂ,K; respecting the cuspidal subsheaves and
therefore inducing p3 Vs k.= (—Dg, x) —>p!1V,$, k,x(—Dk. ).

We will prove that p’lv,@,K,z and p!1V,€7K72(—DK,Z) are CM sheaves over Oy and
that

J . -39 o
Tpi _ pEUEIi SuPlSng{ S ths Z’f:]+l AL - ](J;D }Tnai'ue
is a well-defined map integrally.

Actually, once we prove that p;v& k,x is a CM sheaf, it will be enough to check that
the map T}, is defined in codimension 1. Because it is well defined in characteristic 0 and
the boundary is flat over Z,, it will be enough to check that the map 7T, is defined on
the interior &by, of Gbﬁgfpi)j,/ .

The main idea is to reduce everything to local model computations. This is slightly
delicate because our Shimura datum is only of abelian type, but we can reduce to working
with a PEL Shimura datum.

We can pull back the cohomological correspondence Tgﬁ_‘“'”e over Q to a cohomological

—_~—

correspondence Tgﬁf"ve :p5Ve — Py V.. It is enough to prove everything for the latter
correspondence.
Now we have a local model diagram of correspondences

B (pr) (6.7.B)

I N
/ \

Mlor'

By definition, M2 =], .; M{oy and M}?(Cp )= [oer, Mio0,0) Hagl,; Myoy. The projection
t1 is the product of the projections py : Mg 41 — Moy at places o € I; and the identity
otherwise. The projection ¢, is the product of the projections pa : Mg gy — Mgy =~ Moy
at o € I; and the identity if o ¢ I;. The map h is the torsor of symplectic trivialisations of
Hi,ar(A/ Shy) for A the universal abelian scheme. The map > f is the torsor of symplectic
trivialisations of the chain ”HLdR(A/ShK) — Hl,dR((A/H)/ShK) — H1 dR(A/ShK) (i.e.,

isomorphisms with the chain [], ¢, (Vo = Vg = Vo) x [T, (Vo 4 Vo %5 V). The maps

g and e are given by the Hodge filtration.

This diagram is commutative, the diagonal maps are smooth and the diagonal maps
going to the left are surjective, but the squares are not Cartesian! We have the following
theorem.
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Theorem 6.9. Let T : Spec(k) — %K(pi)- Letg=f(Z), 2=p1(9), ¥ =9(Z), 2 =t1.(¥).
Then there are isomorphisms between the strict henselisations

Oz ™ Oarger

5/
3y 2

and

ﬁ’“ _ ™~ ﬁ 1 1.
Shx(p;): ¥ MG’

Moreover, there is a commutative diagram between the maps on Zariski cotangent spaces
at y,5' and z,2':

2 ~
- >
mﬁ@v“hK Z/mﬁg"”( z mﬁl\/jloc ’//mﬁM}g“ FU
ldﬁl idh
2 ~ 2
O— LY —= Mg .. _
Shr(p;) ¥ ﬁG‘hK(pi)v37 Mé{(h‘)'y// ﬁMil‘?(c i),g’

Proof. The first point is the main result of local model theory. The second point is an
immediate consequence of Grothendieck-Messing deformation theory (see [16, Thm. 2.1]
for a precise statement of this theory). O

—~ tor —~ tor
Corollary 6.10. The map Shy 5 — Spec Opr,x is smooth and the map Shy .y 5 —
Spec Opr x is a CM map.

Proof. Over the interior of the moduli space, this follows from the previous theorem.
The description of the integral toroidal compactification in [55] shows that the property
holds everywhere. O

It follows that the cohomological corr/c_@s\@ndence can be extended to a rational map
from a locally free sheaf to a CM sheaf T)'@ve : p3V,; k 5 --» p!lv,.g, K,x. In particular, this
corollary implies that it is enough to work with the interior of the Shimura variety.

For any po=(p1, -+, pg), with 1 > --- > g, we have already defined two sheaves p7 Lo,
and p3 Ly, over Mg 41 and a rational map o* :p5Lg , -+ piLg .

Let us write k5 = (k1,0, -+ ,kg,») for all 0. We define sheaves L ,, = X, Lo, ., and Lg . =
Noer, Ly ko Mogr, Lok, on M}gc and a map

ﬂ* = go@li a* &Uifi Id: tng“‘.C — tTLOV,@.

Lemma 6.11. Over (’%K(pi)7 we have a commutative diagram

x k+3ikj 0
* gk p 7€l 2 9" 8’ * gk
g tQLg,/{ g tlLO,n
I r5Ve, K IV, K
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Proof. The sheaf (V5/Lo)¥ on the o-component of the local model M¥¢ corresponds
to the sheaf w4 , by definition. Therefore, the sheaves Lo, and L, . correspond to
the representations of M, of highest weight (kio,- - ,kg0i—>,;Kic)ocs. There are
isomorphisms of sheaves over %K(pi): g*t5Lg . >~ f P35V k and g*t] Lo ~ f*p] Vs, K but
these are not G-equivariant isomorphisms. We can make them G-equivariant as follows.
Over Mgy = My, = G /P we have a G-equivariant sheaf £ corresponding to the similitude
character of G (viewed as a P-representation). This sheaf has a trivialisation (given by
the similitude character of G), but its G-equivariant structure is not trivial. There is a

canonical map p3 L — piL over Mg 4y that is multiplication by p!

k+p kg, o
We can twist Lo x =X, Lo x, to Lg , =M5Lo k, ®L = and Ly, to

in the trivialisations.

k+¥0 ke o k+Yg ke o
2

L;K = IXO’GL‘,LQ,KU L 2 gaili L07K0 QL

Therefore, we have a commutative diagram over M }?(va):
k2

k35 kj
ikj,o
- Xoer; 5 *

P B
t5Lg i t7Lo, s
\L (B/)* l
tgqu,m tTLO,K

for (8)* the natural map coming from the G-equivariant structure. After twisting, we
have a commutative diagram

9" (8')*

gLy gt Ly
r5Ve K Ve k

O
We can now conclude the proof of Theorem 5.9. Let £ be a generic point of the special
fibre of Ghg (p,)- It corresponds on the local model M}g’(cpi) to a point in the stratum
Haeh Uto,g}, w(sa)u X Hogéh Uioy.u-
Using the definition of 8 in terms of «, Lemma 6.7, Theorem 6.9 and Lemma 6.11, we
deduce that on the local ring at &, we have a map

g—s g N
—— (9=s0)(g=sg 1) | ZZi=1" Ftotimg g1 P o th
2 2

Traive ; (55V,)e — p>=ochs (B Va)e.

We conclude using the CM property in Corollary 6.10 that we have a well-defined
cohomological correspondence

{ZLlkz,a*ﬂ:ﬁlkaa*’“_mﬂ)} e~ \
2 2 ; il¥ee ~.
Tg‘i‘“”e 1 D3 Vi = D1 Vi,

ZUeI,; SUP1<j<g

/1—1;,1 =D
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which, using the diagram (6.7.A), shows that we have a cohomological correspondence

J g
{ Zp=1 ko0 mXi—j 1 k0 tE G4y }
2 2

2oer; SUP

Tpi =D t1<j<g Tg;aive :pgvﬁ _>p|1vr€ ]

7. Unitary Shimura varieties

This section is dedicated to unitary Shimura varieties.

7.1. The Shimura datum

Let F be a totally real field, and let L be a totally imaginary quadratic extension of F.
We denote by ¢ € Gal(L/F) the complex conjugation. We let I = Hom(F,Q) and for all
o € I we choose an extension 7: L — Q of o to L. Therefore, Hom(L,Q) = I[[Ioc.

Let V be a K vector space of dimension n, together with a hermitian form (,). We
assume that this form is not definite at at least one real place of F'. Let G be the reductive
group over Q of similitudes of (V,(,)). Namely:

G ={(g,¢c) € Resy oGL(V) X G, (gv,9w) = c(v,w) Yv,w € V'}.

We have natural isomorphisms F ®gR = R! and L®gR = C! given by z®@y —
(T(@)y)rer. We let Vg = V@gR = @&Vr . where Vo, =V ®p R, We choose an
isomorphism Vg , >~ C™ where L acts on C" via 7 and the hermitian pairing induced
on C", denoted by (,)-, is of signature (pr,q.) and is in the standard form Y 77, 2z —
Dimp, 41 %%

We deduce that Gr = G(]],c;U(pr,q-)). The natural action of Gg on Vg ~ ©,¢;C"
gives an embedding G C [],;Resc/rGL,.

Our Shimura datum is (G,X) where X is the G(R)-orbit of the homomorphism hy :
Resc /Gy, — Gr given by ho(2) =[], 2p,,q, Where z,_, € GL,(C) is the diagonal matrix
diag(z1,,,2z14,).

The centraliser of hg is Koo X R*T where Koo =[[, U(p;)(R) X U(g-)(R) is a maximal
compact subgroup and R* T is the connected component of the identity in the center of

G(R).

7.2. The flag variety

The embedding Gr — []..;Resc/rGL,, induces, after extending scalars to C and
projecting Resc/rGLy Xspec  Spec C = GL,, X GL,, onto the first factor, a morphism
Gc — ([I,¢;GLy) of algebraic groups over Spec C. We thus get an isomorphism
Gc — (II,¢; GLn) X Gy, whose second component is the similitude factor. The cocharacter
o attached to hg is given by po(z) =[], diag(z1,,,14,) X 2.

We deduce that a representative of P, is given by the group ([]. Py, 4. ) x G,, C Gc
with P, ,, the standard parabolic subgroup of GL, of lower triangular matrices with
blocks of size p, and ¢,, with Levi GL,_x GL,, .

The Borel embedding is the map

X - FLg x
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sending h to the Hodge filtration Fil;, = &Fil; ~ (i.e., the subspace stabilised by P,) on
ROrC=,Vr . rC.
We have Vg r @r C >~ C" ®@r C ~ @, (C" @ C™) where the last map is given for each 7 by
C"erC —CroC”
vz — (vz,vT).

We denote by V¢ - 4+ and Vg, -, — the two factors in this isomorphism. The pairing ( ,),
induces a perfect pairing between V¢ , 1 and Vg, -,—. We can therefore think of FLg x as
a product of Grassmannians parametrising for each 7 a direct summand Fil, =Fil. ; &
Fil, - C Vg,-,+ ® Ve, r,—, where Fil, ; has rank ¢, Fil, _ has rank p,, and they are
orthogonal with each other for the pairing (), (therefore, Fil; is determined by Fil; ;).

The filtration at the point hg, is given by < e, 41, -,6, > ® <eq,---,e,, >CC"OC™

for each 7 (in the canonical basis eq, ---,e, of C").
We now choose the diagonal maximal torus S C Ggr. Then S = (][, U(1)") x Gy, /12
and its character group is the subgroup of (Z")! x Z of elements ((a1,r, " ,an +)r;k)

with the condition that ), a;r =k mod 2. We have U(1) Xgpec r Spec C = {(21,22) €
G X Gy, 2129 = 1}, and the projection on the first coordinate induces an isomorphism
U(1) xg C ~ G,,,. We have

Se~ (J]GR) % Gum/p2 = Ge = ([ GLa) % G,

Tel

and this map is given explicitly by ((z1,r,*,&p,7)r;t) = [, diag(tz1 7, -+ 2y )7 X 2.

We choose the upper triangular Borel in G¢ (this choice is compatible with our
conventions in Subsection 4.6) and the corresponding dominant cone in X*(S¢) is given
by the condition ay,- > --- > ay,, . for all 7. There is also an associated dominant cone for
the Levi [[ (GLy, X GLg, ) X Gy, which is given by the conditions a;,» > --- > a,, - and
Qp,+1,7 =+ > ap,, for all 7.

The (trivial) vector bundle Vg ®g C over FL¢, x is associated with a representation of
Gc. This representation is the direct sum of the standard n-dimensional representation
and its complex conjugate. For any 7 € I, the direct factors V¢, -, + and V¢ 5, — correspond
respectively to the representations of G¢ with highest weight ((1,---,0)+,(0, -+ ,0)727,;1)
and ((0,---, — 1)7'07(07 T 70)7?67'0; 1).

The vector bundles V¢ ,, +/Fil,, + and V¢, —/Fil,, _ correspond respectively to the
two irreducible representations of the Levi [[_(GL,,. x GLg, ) X G, with highest weights:
((1,++,0) 7, (0, - 70)7'757'0; 1) and ((0,---, —1)r,(0, - ao)‘ri‘l'o; 1).

7.3. Integral model

The reflex field E is the fixed field in Q of the subgroup of Gal(Q/Q) consisting of all
elements acting trivially on the set {(p;,q:)}-.

We now let p be a prime unramified in L. We choose an Og-lattice Vz C V' and we
assume that Vz ® Z,) is self-dual for the pairing (,). The choice of this lattice gives an
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integral model for G, and this model is reductive over Z,y. Let K = K?K, C G(Ay) be
a compact open subgroup with K, hyperspecial. Let A be a finite place of E over p.

The Shimura variety Sh represents the functor on the category of noetherian Og -
algebras that sends a noetherian O, x-algebra to the set of equivalence classes of (A4,¢, A7),
where:

1) A — Spec R is an abelian scheme.

2) \: A— A'is a prime to p quasi-polarisation.

(1)
(2)
(3) ¢: O — End(A) ®Z(y) is a homomorphism of algebras with involution.
(4) Lie(A) satisfies the determinant condition (see Remark 7.1).

(5)

5) n is a KP-level structure.

Remark 7.1. The determinant condition is the following. We let E’ be an extension of
E that contains the Galois closure of L. We let X’ be a place of E’ above A. It is enough
to spell out the condition when R is an Opr y-algebra. In that situation, we have

Lie(A) = @D Lie(A),, ; & Lie(A), -,

where Lie(A), + =Lie(A)®0,gr,+ R and Lie(A) . _ =Lie(4) ®0, @R, roc R. The condition
is that Lie(A), + is a locally free R-module of rank p, and Lie(A). _ is locally free of
rank qr.

7.4. The vector bundle dictionary

This section follows [21, Section 5.5]. We now work over Op_y as in the preceeding remark.
We have wa =@, wa,r,+ Pwa,r—. It follows from the discussion towards the end of
Subsection 7.2 that wa, -, 4 corresponds to the irreducible representation of ([]_P,. 4.) x
Gy, of highest weight k = ((a1,7, - ,an, )73 k) wWith (a1, ,an, ) = (0,---,0,—1,0,---,0)
(with —1 in position p.), k=—1, (a1,7, - ,an,-) = (0,---,0) if 7 # 7. We deduce similarly
that wy4, -, — corresponds to the weight k = ((a1,+,- - ,an,7)r; k) With (@1, an,r) =
(0,---,0,1,0,---,0) (with 1 in position p, +1), k=—1, (a1,7, - ,an,») = (0,---,0) if T # 719.

We now choose integers a; , > - > ap, , and by ; > --- > b, , for all 7€ and
consider the representation of the Levi M, of the parabolic P, with highest weight
k=((=ap,,ry ", —a1,7,b1,7, - ,bg. +); 72&_’_0,[77- - Z&Tbgﬂ.). The sheaf V. i associated
with this weight has the following description. We denote by m, 4 : 7 + — Gbg and

—:Tr— = B6hy the GL,, and GL,, torsors of trivialisation of w4 - + and wa, - —. We
(bT)

let wi?), = (0. )2(O7, )[=prs - = ars] and {7 = (e )u(Or )by
—b1,7] (where the bracket means the isotypic part for the representation of the upper
triangular Borel given by the characters (—ap, -,---, —ai,-) and (—=bg r,---, — b1 7)
respectively).
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Then we find that V, g is simply ®Tw(:}? " ®w1(ffr)7_ that is usually considered in the
theory of modular forms on unitary groups (we mean that our normalisation of the central
character is the usual one).

7.5. Dual group

Recall that we have G¢ ~ ([, GL,) x G,,, with diagonal torus Sc = ([ Gym) X Gy, /12
embedded via ((x1,r, " ,Zn r)r3t) = [, diag(tz1 7, - ,txs ) X t2. Moreover, our choice
of positive roots is given by the upper triangular Borel. The character group X*(Sc)
is the subgroup of (Z")! x Z of elements ((a1,r,*,an,+)-;k) with the condition that
> r @iy =k mod 2. We have (a7, ,an,r) 7 k). (1,7, @0 )rit) = [T, ;2557 5

The cocharacter group X, (Sc) identifies with the subgroup of (3Z™)7 x 1Z of elements
((r1,75++,rn,7);7) with r+7r; . € Z for all (4,7). To an element ((r1,,, -+ ,7nr);T) We
associate the cocharacter

s (o, et ) ) = [ [ diag (€7, oot 7)) x 877

The pairing between characters and cocharacters is given by

<((a1,77 e 7an,7’)‘r§k)7((7‘1,77 e aTn,‘r)’r;r» = Zai,TTi,‘r +T]€

We have the usual identification G ~ G¢ = [[.(GL,) X G, with standard torus S = Sc.
We use the standard pinning. The complex conjugation acts on S by

(@1,7, @ 7 )73t) = ((Ii}ra e ;‘T;L)T;t)

and on the full G by (g,c) — (D ‘g~ @y ¢,c) where By is the anti-diagonal matrix with
alternating 1 and —1’s on the anti-diagonal.

7.6. Formulas for the minuscule coweights

We let v: B/ — @p be an embedding continuous for the \-adic topology on the source
and p-adic topology on the target. Let py,---,p,, be the primes above p in F'. We assume
that they all split in L. We have a partition I = [[I; where I; is the set of embeddings
7:F — E' for which 107 induces the p;-adic topology. The local L-group at p is simply
a product [[,(GL,)% x G,, x T, where T' = Z is the absolute Galois group of F,. It acts
by permutation on each of the sets I;.

We fix 0 <i<m and 1 < j <n. We denote by Vj; the representation of G whose
underlying vector space is ®,¢7, (A/C")Y, with action of G = (I, GLy) x Gy, given by the
dual of the jth exterior standard action of the 7-factor for all 7 € I; and the inverse scalar
multiplication by G,,. The corresponding highest weight A; ; is ((a1,, - ,0n, +);—2 —11;)
with (1,7, ,an,r) = (0,---,0,—1,---, —1) (with j many —1’s) if 7 € I;, (a1,7, " ,an,r) =
(0,---,0) if 7 ¢ I;. This representation extends to a representation of the local L-group.

The corresponding cocharacter of Gg¢ is

ts ( I1 1n) x ( 11 diag(ln,j7t_llj)) x 71,

TQL‘, T€l;
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which is given in coordinates by ((ri,r,++,rn7);—%) with (ri -, ,rp.) = (3,3, —
1., — 1) (with n—j many 1s)if 7 € I, (a1, anT),(é,...ﬂ) if 7 ¢1I,.

We let T”““’e be the Hecke operator associated to T, .. We have an embedding
G(Qp) — H GL (Fp,) x GLy(Fp,), and the operator T"Z_‘f“’e is associated to the double
coset

») (H1n X p;lln) x (diag(Ln_j,p; 11;) x diag(p; 1aj,1,))G(Zp).
1£i

Remark 7.2. Our definition of the Hecke operators T, p"aj“’" depends on the choice of
a prime above each py in L. This means that some symmetry has been broken. For an
explanation of the use of the double class

Zp) (Hln X pl_lln) X (diag(ln—japi_l j) X dlag(p:lln—]vlj))G(Zp)
I#i
rather than its inverse, we refer to Remark 5.6.

As in Subsection 7.4, we choose integers a;,» > -+ > ap_, and by, > --- > b,_, for all
7 € I and we consider the representation of the Levi M, of the parabolic P,, with highest

Welght K= ((_ap7,7'7 T _a177’7b1,7'7 T 7bq7);_zf"r Qg r — Zg’-,— b@,T)-

Remark 7.3. In the rest of this section, we work with the weight k, and therefore we
fix a particular normalisation of the central character, as justified in Subsection 7.4. We
leave it to the reader to formulate Lemma 7.4 for another choice of central character.
Theorem 7.5 holds for any normalisation of the central character.

Motivated by Definition 4.8, we let T}, ; :p<)‘iff’°°("”"’L)>’<)‘i=ﬂ"p>T;"l}”e. We now find a
formula for the coefficient (A; ;,00(k,¢)) — (A j,0)-

Lemma 7.4. We have (\; j,00(k,t)) — (Ni j,p) =

+Z( : sup _{— i ag,r — i be,r—rr(qT—ST)})-

rel; 0<r-<p,,0<s:<q,, sr+r-=n—j b=r +1 l=qr—s.+1

Proof. We observe that p = ((23%,--+,15%);0), so £+ p is equal to

((_apT,T+nT_la"'7_a1,7+nT_1_pT+17b1,7_nT_1+QT_17"'7bq _nT_l);

_E aé,T_E b@,r)-
0, O,

Now we need to compute the pairing (\; j,00(k,¢)) — (Ai j,p). The product (A; ;,00(k,¢))
decomposes as

S (i) roolmt)ohe — (5 e+ b ).
O, b,

T
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For all T ¢ I;, we have

(ig)eo0(0)r)e = 5 (Sare— 3 e,
4 4

For all 7 € I;, there will be integers 0 <r, <p, and 0 < s, < ¢, such that s, +r,=n—j
and such that the first n — j coordinates of oo(k,t),; put in the dominant form will be
(possibly not in this order)

{*al,‘r + nT_l —Pr + ]-7 oy T Opor + nT_l —Pr +7,.7_,qu - nT_lybqffsT+1 - nT_l +Sr— ]-}
In this case, an easy computation shows that

qr—sr qr

(Oeproolia)rdr =2 (S~ 3 anet DY by )+
(=1

t=r +1 =g, —s,+1

—oly 4 D o (g — ), 4 25E s, — 22l

Moreover, we have the pairing (\; j,p)r = MT_J) if 7 € I; and (\; j,p)r = 0 otherwise. So
we finally get that for all 7 € I,

((Nij)r 00(K,0)r)r — (A j ) -
1,0 qr—s- ar
:i(zaéﬂ'_ Z a'ZT+ Z bZT_ Z bZ,T)_TT(QT_ST)a
=1 l=r+1 l=qr—s.+1

and for all 7 ¢ I;, we have

(i g)rs00(mt)e)r = (higop) (Zah th)

It remains to add the factor Y. —(3 > 0@t + 2, be ) to conclude.
O

7.6.1. The main theorem for unitary groups. We have that 'H;”,i L =
®@o<i<mZ(Typ, j, 0<j <n, T, 0,T »] and the following result gives some evidence towards

Conjecture 4.16.

Theorem 7.5. The operators Ty, j, 0<j<n, 1 <i<m, act on RF(@()KTE,  K,5) and
RT(6h %5, Vi k,5(— Dk 5))-

Remark 7.6. We do not know how to prove the commutativity of the operators T}, ; in
general. The main point is that although the operators T}, ; are associated to minuscule
coweights, the composition of two such operators will not in general be associated to a
minuscule coweight.

Corollary 7.7. Conjecture 4.15 holds in this case.
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Proof. Conjecture 4.15 asserts that
Im(Hl(thf(’TZ, o K,5) — Hl(thngzy wK,3) ®z, @p)

is a lattice in HZ(GK)’}?TE, x,2) @z, Qp stable under the action of H/" . This follows from

Theorem 7.5. O

7.6.2. Example: the group GU(2,1). Let us assume that F = Q and that the
signature (p,,q;) = (2,1) for a chosen embedding 7 : L — Q. Let p be a prime that splits
in L. We choose an embedding ¢ : L — @p that corresponds to a prime p above p. We
have pp® = p. We have an isomorphism Gg, = GL3 X G,

The spherical Hecke algebra at p is the polynomial algebra generated by the character-
istic functions (identified with double cosets)

(1) T3 = Ky (ding(1.1.1) x ™)Ky (T3,

©) T KoL) K

(3) Ty = K, (ding(Lp~ ) xp~ K, and

(@) T3 = Ky (ding(p ' p ™) xp K (T3

There are associated representations of the dual group V; = (A/C?)V (and action of
G, by the inverse character) for 0 < j < 3. The relation given by the Satake transform

is (observe that all of these representations are minuscule)
(1) Tgeive = [Va,0),
(2) T{Lal?)? p[Vl 7-]
(3) Tgaive = p[Va ;] and
(4) Tpere = [V ).

We now pick integers (k1,k2,k3) and consider the automorphic vector bundle

ko ks

Mimk2 . @detwa , 4 @detwa ,,

Sym

It is the sheaf Vi, k 5 for k = (—ke, — k1,k3; —ko — k1 — k3). It follows from the construction

that the sheaf detH1 qr(A), + is tivial (viewed as a sheaf, the equivariant action is not

trivial). It is therefore harmless to assume that k3 is constant and we assume that ks = 1.
We conclude that

nt —1pmaive\Tl _—1—inf 1,k naive . —1—inf{ko,k1+k naive —k1—k naive) 1
My =L(p™ T3 )" p {Lkadpaive p tha uthappaive (p=hi—heqgoive) =T,

8. Local models in the linear case

In this section we will prove Theorem 7.5. As in the symplectic case, the actions of the
normalised Hecke operators will be defined using the results of Section 2, in particular the
construction in Example 2.11. In order to do this, we need to understand the integrality
properties of the Hecke correspondences with respect to automorphic vector bundles and
also the pullback maps on differentials. This will be done by using the theory of local
models of Shimura varieties.
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After recalling the basic facts about the local models for general linear groups, we prove
two results, Proposition 8.3 (on the integrality properties of differentials) and Lemma
8.4 (on the integrality properties on automorphic bundles), which are used to construct
normalised Hecke operators on the local model in Proposition 8.5. These computations
imply Theorem 7.5 in the same way as in the proof of Theorem 5.9.

8.1. Definition

Let n,p,q € Z>1 be integers such that n = p+¢. We now consider modules Vy,---,V,_1 =
Z™ and the following chain:

Ve:Vo=2Vi—o = Vi = W,

where the map from V; to V;4; is given in the canonical basis (eq,---,e,) of Z™ by the
map ej — e; if j #i+1 and e; 1 — pe;+1. Whenever necessary, indices are taken modulo
n so that V,, := Vj and the chain V, can be seen as an infinite chain.

Fix a set 0 £ I C {0,1,---,n—1}. We define the local model functor M; : Z — ALG —
SETS that associates to an object R of Z — ALG the set of isomorphism classes of
commutative diagrams

— Vi, @zR——V;, @R —— - —V; @z R ——

] !

where ig < iy--- < i, are such that {ig,---,ip,} = and the modules F;, for 0 <j <m
are rank ¢ locally direct factors.

The functor M is represented by a projective scheme M;, which is a closed subscheme
of a product of Grassmannians.

When @ # J C I, there is an obvious map M; — M given by forgetting the modules
Fjfor jelI\J.

8.2. The affine Grassmannian

We now consider modules Vy, ---,V,—1 =F,[[t]]™ and the chain
Ve=Vo = Vi == Vo1 = W,

where the map from V; to V;41 is given in the canonical basis (e, -+ ,e,,) of F,[[t]]™ by the
map e; — e; if j #i41 and e; 1 — te;+1. Whenever necessary, indices are taken modulo n
so that V,, := ), and the chain V, is made infinite. Observe that V, ®F, (1] Fp,=Ve®zF,.

Let LG denote the loop group of GL,, over F,. The group LG acts naturally on
Vo @, (177) Fp((T')) and therefore it acts on the chain Ve @, (1) Fp ((T')).

Let ) # I C {0,1,---,n—1} and let V! be the subchain of V, where we keep only the
modules indexed by elements ¢ € I (modulo n).

We denote by P; the parahoric subgroup of LG of automorphisms of the chain V!. For
any I, we define the flag variety as the ind-scheme F;:= LG/P;.
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8.3. Stratification of the local model

As in the case of symplectic groups, the special fibre M; of M; at p embeds as a finite
union of P; orbits in Fy.
We recall the description of the map M; — F;. Given a diagram

Vie®@zR——V;, @z R—— - ——V; ®z R

] |

F F;, .. F

20 im

corresponding to an R-point of M, we can construct a new diagram

Vi()@ZRH-Vil ®ZR*>"'*>V¢M®ZR

| | |

Fio Fi, - F

Tm

| | T

tVip @z R ——tV;, @ R —— -+ ——1V; @z R

where all the vertical maps are inclusions and each F;, is determined by the property that
Fi; [tVi, @z R = F;; — (Vi [tVs;) ®2 R=V;; ® R. The chain F, determines an R-point of
Fr.

We now recall the combinatorial description of the image of M in F;: Fix a Borel
subgroup B of GL;, and a maximal torus 7' C B. This gives a base for the root datum of
GL,,. Let W be the extended affine Weyl group of GL,,. This is the semi-direct product
of the Weyl group W = §,, and the cocharacter group X, (T") = Z™. It can be realised as
a subgroup of the group of affine transformations of Z™ with Z" acting by translation
and S,, by permutation of the coordinates. Let s; = (4,i+1) for 1 <i<g—1 and 59 =
t(~1,0,---,0,1) ¥ (1,n) be the usual choice of simple reflections. We let p=(1,---,1,0,---0) €
Z"™ (where 1 occurs p times) be the minuscule coweight corresponding to our situation.

For each () # I as above, we let W; be the subgroup of 1% generated by the simple
reflexions s;,7 ¢ I. This is a finite group. The Py orbits in F; are parametrised by the
double cosets WI\W/WI For any w € W we denote the orbit corresponding to the
double coset WiwW; by Uy ,, and the orbit closure by X7y ,,. The orbits included in M;
are parametrised by the finite subset Adm(u) of WI\W/ W of p-admissible elements.

Whenever J C I we have a map M; — M ;. This map is surjective and Adm j(u) is the
image of Adm; () in W, \W /W,.

When I ={0,---,n—1}, Kottwitz and Rapoport give a description of the set Admy(u).
The set Admy(u) is precisely the subset of W of elements that are < (in the Bruhar
order) a translation t,, for an element w € W. In particular, the orbits that are open in
M correspond to the translations Bwp-
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8.4. Irreducible components

8.4.1. The case that I ={0,---,n—1}. There are actually ; translations w - and
' plq!
n:

L irreducible components of M
plq!

they correspond to the open stratum in each of the
when [ ={0,---,n—1}.

These p% translations are parametrised by W/W, where W, is the subgroup of W of
elements that stabilise u. It identifies with the elements in W C S,, that preserve the sets
{L,---,p} and {p+1,---,n}. This group is isomorphic to S, x S,.

We can concretely determine an element of each of the orbits corresponding to these
twu in My for I ={0,---,n—1} as follows. The group W can be viewed as a subgroup of
GL,,(F,((¢))). The element t, is identified with diag(t,---,¢,1,---1).

‘We now consider the inclusion of chains:
tVe C tw,JVo C V..

By reduction modulo ¢ and using the identification Ve ®F, (s Fp = Ve ®z Fp, we deduce
that t,,Ve/tVe — Ve defines an Fp,-point of M;, which represents the wy-orbit.

8.4.2. The case that #/ = 1. For anyij,j’ € I, the spaces My;, and My, are
canonically isomorphic. The special fibre Mgy of Mgy is smooth and irreducible of
dimension pg. Moreover, there is a single orbit.

8.4.3. The case that I ={0,;}.

Lemma 8.1. The special fibre M{o)j} of My, ;3 has inf{p,j} —sup{0,j —q}+1 irreducible
components, indezxed by integers sup{0,j —q} <r <inf{p,j}. For each sup{0,j —q} <r <
{p,j}, a representative of the r-stratum is given by taking

Fo(r) = Fj(r) = (ers1, " 1psCn—jiril, " s€n)-
This corresponds to the element t,,(,), = diag(tld,,Id;_,,tId,_,Idq_; ) € LG.

8.5. Local geometry of the local model

The local model Mgy is smooth of relative dimension pg. The other local models M;
are isomorphic to Myg over Spec Z[1/p] but they have singular special fibre at p.
Nevertheless, we have the following analogue of Theorem 6.4, the first part due to Gortz
[23] and the second to He [33, Theorem 1.2]

Theorem 8.2. The local models M; are flat over Z and M is reduced. Furthermore,
My is Cohen-Macaulay.
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8.6. Hecke correspondence of the affine Grassmannians

We consider the correspondence

Flo,j}
7
Fiiy Floy

We now pick the element w(r)u € W and restrict this diagram to get maps

Uto,5},w(r)u

ST

Uiy, Utoy,wiryu

Proposition 8.3. The map on differentials dp; : p;Q} has

1
Usoy,w(ryn/Fp - QU{O,j}.w(r)u/Fp
kernel and cokernel a locally free sheaf of rank (j—r)(p—r).

Proof. We have

Uo,1w0mn = Pro.33/ (P1o,.5y N bwr)nPo,} bu(ry)

—1
Utoy,wirin = Proy/ (Proy Mbwi) P bu )
and p; is the obvious P(g j)- equivariant projection:

P10.33/ P10,y MtuwrynPo,i i) = Pioy/ (Poy MwiruPioy bt ) -

Because the map is P(g, j)-equivariant, it suffices to prove the claim in the tangent space
at the identity.

We first determine the shape of Pyoy and Pyg ;3. The group Pygy is the hyperspecial
subgroup of LG, whose R-points are G(R[[t]]). The group Py ;1 is the parahoric group
with shape

P (=000 = (1) € 2GR,

where a € My (RIE])), d € Moo (RIIH]), ¢ € Moy (RIE])) and d € M (RE]).
One computes that Py ﬁtw(r)ﬂp{o}t;(s)u consists of matrices of the following shape
(the * have integral values, the rows and columns are of size r, j—r, p—r, and ¢—j +7):

* tx x tx
* Kk x K
* tx x tx
* ok kK

https://doi.org/10.1017/51474748021000050 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000050

56 N. Fakhruddin and V. Pilloni

—1

consists of matrices with the
w(r)p

One also computes that Pro ;3 N tuw)uPio,st
following shape:

*  tx  x tx
* ok x %
tx 2% * tk
tx tx *x *

Passing to the Lie algebras, we easily see that the kernel of the map

P10,/ (P10.53 NP 10,5} tun(ry) = P10}/ (P10} N bu(r)P 101 b )

is the set of matrices of the form

0 0 0 0
0 0 0 0
0 tA 0 O
0 0 0 O

with A € My_ ;0 (Fp).

8.7. The Hecke correspondence on the local model

We consider the correspondence

8.7.1. Sheaves on the local model. Let k= (ai,---,ap,b1, - ,bp), with a; >--- > a,
and by > -+ > b, be a weight. We have a locally free rank p sheaf (V;/Fp)Y and a locally
free rank ¢ sheaf F over My and similarly over M;. We let Ly = (Vo/Fy)" & Fy and
L; = (V;/F;) @Fj. To the weight £ we can naturally attach locally free sheaves L, ,, and
L;, . using the procedure described in Subsection 6.7.1.

8.7.2. The map L, . — Lo . The natural map Vy — Vj induces a map Vy/Fy — V;/F}
and by duality a map V;/F; — V,/Fy that we denote by «;. The map V; — Vp induces a
map F; — Fj denoted by as. We let o= (a1,02) : Lj — Lo. The map « is an isomorphism
over Z[1/p] and it induces an isomorphism «o* : p5L; . — piLo . We now investigate the
integral properties of this map.

Lemma 8.4. Let k= (ky,---,ky). Let sup{0,7 —q} <r <inf{p,j}. Let £ be the generic
point of Ugo,j},w(r)yu- The map o* induces a map

o 1 (p3Ljn)e — prrt o oripbat o Fbior (XL )

over the local ring Oy, ;¢
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Proof. We first check that over Uyg,j},w(r)u the map a; has kernel and cokernel a locally
free sheaf of rank r and the map as has kernel and cokernel a locally free sheaf of rank
q—j+r. Indeed, it is enough to check this at the point corresponding to t,(),, in which
case the corresponding diagram is

diag(tljaln*j) diag(ljﬁtln*j)
Vo V; Vo

tw(v»)uT twmuT twmuT
diag(tljvln*j) V diag(1j7t1n—j)

0 j 0

and our claim is simply that the map Vo/ty (Vo — Vj/tw),V; has kernel of rank r
and to (), V5 /tVy = tuw@)Vo/tVo has kernel of rank ¢ —j+r . This is obvious. We now
conclude the proof as in Lemma 6.7.

O

8.7.3. The cohomological correspondence. We may now construct a cohomological
correspondence. By Proposition 2.6 and Theorem 8.2, we have a fundamental class
p{ﬁ’M{O} —>p!1 ﬁM{O}. Moreover, the sheaf pll ﬁ’M{O} is a CM shealf.

There is also a rational map o : p5L; ., -+ pj Lo ., so that putting everything together,
we have a rational map (the naive cohomological correspondence)

Tnai'ue

Lok !
Pl ==> PrLlox
We may now normalise this correspondence.

Proposition 8.5. Let T = p_inf{ELP—THaHEg:J—TbQ+(j_r)(p_r)}T”ai“e. Then T is a
true cohomological correspondence:

T:p5L; %pllLoﬁ.

Proof. Because p!1L07R is a C'M sheaf, any rational map from a locally free sheaf into
p!1L07 « 1s well defined if it is well defined in codimension 1. So it is enough to check that it is
well defined on the generic points of all the components in the special fibre. Let sup {0,5 —
q} <r <inf{j,p}. Let £ be the generic point of the stratum Uy, ;1(r). We then see that

Tnewe : (p5L; x)e — pt=p—rr St bﬁ(j*r)(p”)(p!l[/o,m)g by combining Lemma 8.4
and Proposition 8.3. O

8.7.4. Proof of Theorem 7.5. Given Proposition 8.5, this is very similar to the proof
of the main theorem in the symplectic case (see Subsection 6.7.4) and is left to the reader.

9. Weakly regular automorphic representations and Galois representations

In this section we study a class of automorphic forms that realise in the coherent
cohomology of Shimura varieties and have associated Galois representations.
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9.1. Weakly regular, odd, essentially (conjugate) self-dual algebraic cuspidal
automorphic representations

Let L be a CM or totally real field, F' the maximal totally real subfield of L and c the
complex conjugation (trivial if L = F' is a totally real field). We let I = Hom(F,C) and
J =Hom(L,C).

Let m be a cuspidal automorphic representation of GL, /L (we do not assume that the
central character of 7 is unitary). We define below certain properties (1), (2), (3) and (4)
of such representations. We will say that a 7 satisfying these properties is a weakly regular,
algebraic, odd, essentially (conjugate) self-dual, cuspidal automorphic representation.

(1) Essentially (conjugate) self-dual. We say that 7 is essentially self-dual when L
is totally real and essentially conjugate self-dual when L is CM if

™ =1"®x,

where xo : A} /F* — C* is a character such that xo(—1,) is independent of v for
all v| oo, and x = xoo Nz podet. We note that in the C'M case, the character xo is
not unique because we can multiply xo by the character associated to the quadratic
extension L/F without changing . This will, however, change the sign of xo(—1,).

(2) C-algebraic. We say that m is C-algebraic if the infinitesimal character A =
((M,70 A7) reg) of moo lies in ((Z” + %Z”)/Sn)J.

(3) Weakly regular. We say that a C-algebraic 7 is weakly regular if for each 7 € J
there are no distinct indices 1 <7 < j <k <n such that \; ; = \; ; = A\ ».” We say
that a C-algebraic 7 is regular if for each 7 € J, the elements {\; ; }1<i<n are all
distinct.*

(4) Odd. We consider an oddness condition on a C-algebraic, essentially (conjugate)
self dual (m,x) which is given by the existence of a pole at s =1 for a certain
L-function.

If L is CM, the oddness condition is that L(S,Asai(_l)%le(xo)(w) ®x, ') has a
pole at s =1.

If L = F is totally real, the oddness condition is that L(s,A?7 ® x~!) has a pole
at s =1if e(xo) = 1 and n is even, and that L(s,Sym*7®x~!) has a pole at s =1 is
€(x0) = —1 and n is even or €(xp) = 1 and n is odd. We will see below that ¢(xo) =1
when n is odd and L is totally real.

Let us explain the definition of the above L-functions and of the sign €(xq). We first
recall the definition of the Asai representation. Assume that L is C M. Consider the group
(GL,,(C) x GL,(C)) x Gal(L/F) with Gal(L/F) acting by permutation of the factors (in
other words, this is (a finite form of) the L-group over F' of Resy,/rGLy, ).

3Equivalently, after applying a permutation in S, to the indices, we have Alr > > Ay, r
and )\['ﬂ/QH’LT > > An’q—.
4Equivalently, after applying a permutation in S, we have AL,z > > Apyre
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The tensor product of the standard representations gives a representation C™ ® C™
of GL,(C) x GL,(C). For € € {—1,1}, it extends to representations Asai®: (GL,(C) x
GL,(C)) xGal(L/F) — GL(C* ® C™) by putting Asai®(c)(vQ@w) = ew®v.

We now define the sign of yq: It follows from the C-algebraicity of 7 that xg is algebraic.
Therefore, there is an integer ¢ such that xo = Xg |.]¢ where X(Jj is a finite-order character.
We let €(xo) = xo(—14)(—1)9 for any place v | co.

We observe that when n is odd and L is totally real, ¢(xo) = 1. Indeed, if ¢ is the central
character of 7, we find that ¢ = x§, and because c is an algebraic Hecke character, we
deduce that ¢ is even and yo(—1,) = 1.

One may also verify that in the CM case, the oddness condition only depends on y
and not on xg.

The following shows that the oddness condition is often implied by the other
assumptions.

Theorem 9.1. Let m be a weakly reqular, algebraic, essentially (conjugate) self-dual,
cuspidal automorphic representation of GLy/L. Then w is odd unless possibly when
n is even and for all T € J, there is an ordering of the infinitesimal character \ =
((Ars s A7 )red) of Moo such that iz = Niqjo,- for all1 <i<n/2 and 7€ J.

Proof. Lemma 9.5, reduces the proof of the theorem to the C'M case. The CM case
follows from Theorem 9.7. O

Remark 9.2. Let m and 7o be two cuspidal automorphic representations of GLy/Q,
both L-algebraic and with trivial infinitesimal character. Assume that (7)o is a limit
of discrete series (and therefore corresponds to a nontrivial parameter Wr — GL3(C)
via the local Langlands correspondence), and (m2), corresponds to the trivial parameter
Wi — GLy(C). Then 7 ® |det |2 is C-algebraic, arises from a weight one modular form
and is odd, and Ty ® | det |% arises from a Maass form of Galois type and is not odd. Thus,
71 is an automorphic form that has a realisation in the coherent cohomology of modular
curves, whereas 7o has no such realisation. We observe that we cannot distinguish (7)o
from (m3)co by looking at the infinitesimal character; it is the oddness property of m; or
o that distinguishes them.

9.1.1. Oddness and base change. In this section we let L be a C'M field and F its
maximal totally real subfield. If 7 is a cuspidal automorphic representation of GL,/F,
we let Resp(m) be the base change lift of = to an automorphic representation of GL,,/L

(see [1]).

Proposition 9.3. Let L be a CM field and F its maximal totally real subfield. Let
Xr,F be the associated quadratic character. Let m be a weakly regular, algebraic, odd,
essentially self-dual cuspidal automorphic representation of GL,/F. Assume that m #
T®@Xxr/r- Then Resp () is a weakly regular, algebraic, odd, essentially conjugate self-
dual, cuspidal automorphic representation of GL,, /L.

Proof. This follows from Lemma 9.4 and Lemma 9.5. O
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Lemma 9.4. Let L be a CM field and F' be its mazimal totally real subfield. Let x1,/r
be the associated quadratic character. Let m be a weakly regular, algebraic, essentially
self-dual, cuspidal automorphic representation of GL,/F. Assume that m # 7 ® x1/p-
Then Resr(m) is a weakly regular, algebraic, essentially conjugate self-dual, cuspidal
automorphic representation of GLy, /L.

Proof. Because m # 7® x 1/, we deduce from [1, Theorem 4.2] that Resy () is cuspidal.
Because Resr(m) = Resp(m)¢, we deduce that Resy () is essentially conjugate self-dual.
Let v | 0o be a place of F. Let w be a place of L above v. Then Resr(m), and 7, have
the same infinitesimal character that is C-algebraic and weakly regular. O

Lemma 9.5. Let w be a cuspidal automorphic representation of GL,,/F satisfying the
assumptions of Lemma 9.4, with base change Resp(m). Then w is odd if and only if
Resy(m) is odd.

Proof. We have an L-group ‘diagonal’ embedding GL,(C) x Gal(L/F) — (GL,(C) x
GL,(C)) x Gal(L/F'), where GL,(C) x Gal(L/F) is (a finite form of) the L-group of
GL, /F. We have the decomposition

Asait gL, (©)xcal(z/F) = N’C"® X1/ p @ Sym?C"

and
Asai” |gr, () Gal(z/F) = A*C" @ Sym*C" ® xr, -

It follows that L(s,Asai™"" €X0)(Res, (r)) ®x5") =

€ _1\n _ € _1\yn+1 _
Lis A rexp T oxg L symrox e VT exgh).

By [59, Theorem 4.1], neither of the L-functions L(s,A27r®X€L(;‘I°()(_1)n ®xp ') and
L(s,SmeW(X)XGL(;(;)(*D’%+1 ®Xg ') vanishes at s = 1. We therefore deduce that Resr (r)

is odd if 7 is odd. Conversely, if we assume that Resy () is odd, then at least one of

L(S,A27r®xz(7]°()(_1)n ®xp ") or L(s,Sym27r<X>><EL(;‘13)(_1)”+1 ®X51) has a pole at s =1. But
notice that L(s,m @7 @ X1,k ®X61) is holomorphic at s =1 because 7™ # T® x1/k. It is

now easy to deduce that 7 is odd (by examining the parity of n and the sign €(xg)). O

9.1.2. Descent to a unitary group. In this section we consider a C'M field L. We
say that 7 on GL,,/L is conjugate self-dual (as opposed to essentially conjugate self-dual)
if 7¢ = V. It is not hard to prove that if 7 is essentially conjugate self-dual, there exists
an algebraic Hecke character ¢ : A /L* — C* such that 7 ®1 is conjugate self-dual.

Theorem 9.6. Let L be a CM-field and © a weakly regular, algebraic, odd, conjugate
self-dual, cuspidal automorphic representation of GL, /L. Then there exists a cuspidal
automorphic representation T of the quasi-split unitary group U(n)/F such that 7 is the
transfer of T for the standard base change embedding and 7~ is a nondegenerate limit of
discrete series.
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Proof. This follows from the main results of [51]. We give some explanations.

Let U(n)/F be the quasi-split unitary group. Its L-group LU(n)/F (over F) is
isomorphic to GL,(C) x Gal(L/F) with the complex conjugation ¢ acting by g —
®,, 'g71® 1 where @, is the anti-diagonal matrix with alternating 1 and —1 on the
anti-diagonal.

Let v be a place of F' and let Wg, be the Weil group of F),. First assume that v does
not split in L. The local L-group LU(n)/F, is isomorphic to GL,,(C) x W, where an
element of Wg, \ W, acts via g+ ®,, tg~1® 1. If v splits, the local L-group £U(n)/F,
is isomorphic to GL,(C) X W, .

Let us denote by G = Resy,pGL,. The L-group of G is isomorphic to (GL,(C) x
GL,,(C)) x Gal(L/F) with the complex conjugation acting by permuting the factors. We
similarly have local L-groups “G/F, = (GL,(C) x GL,(C)) x W, if v does not split and
LG/F, = (GL,(C) x GL,(C)) x W, if v splits.

We have the standard base change embedding of L-groups ¢ : LU(n) — LG that
sends gx 1 to (g, tg7!)x1 and 1 xc to (®,,P,1) x c. We have similar local versions
& : tU(n)/F, - LG/F, for any place v of F.

Let v be a place of F. Denote by L, the local Langlands group of F,. We let ®(n),
be the set of isomorphism classes of parameters Ly, — LG/F,(C) and we let ®(U(n)),
be the set of isomorphism classes of parameters L, — £U(n)/F,(C).

In the case that v does not split in L, we recall how one can identify parameters
Ly, — GL,(C) with parameters Lr, — LG /F,(C). We choose an element w,. € Lg, \ Ly, .
To p: Lr, — GL,(C) we associate the parameter p': L, — YG/F,(C) defined by p/(c) =
(p(o),p(w tow.))x1if o € Ly, and p'(w.) = (p(w?),1) x c.

By [51, Lemma 2.2.1], if v does not split, the natural map & : ®(U(n)), — ®(n),,
given by ¢+ &, 0 ¢, induces a bijection between parameters ¢ : Ly, — LU(n)/F,(C) and
parameters p: Ly, — GL,(C) for which there exists an invertible matrix A with

(1) tpcAp= A, where p°(0) = p(w; low,).

(2) "A=(=1)"" Ap(w?).

Indeed, to such a parameter p we associate the parameter ¢ defined by ¢(o) = p(co) x 1
if o€ Ly, and ¢(w.) = C xc where C = A1®,,.

Now let us consider a place v of F' that splits in L. Let w and w be the two places
in L above v. We have canonical isomorphisms Ly, = Lg, and L, = Lp,. A parameter
p:Lr, — £G/F,(C) can be written as p(c) = (pu(0),pa(c)) x o for all o € L, , where
pw: Lr, — GL,(C) and pg : L1, — GL,(C).

In this case, the natural map & : ®(U(n)), — ®(n),, given by ¢~ &, o ¢, induces
a bijection between parameters ¢ : Lp, — LU(n)/F,(C) and parameters p satisfying
Pw ™ P

For any place v of F' there is associated to m, a local Langlands parameter ¢, :
Lr, — LG/F,(C) ([31], [34]). Because 7 is conjugate self-dual and odd, it follows
from [51, Theorems 2.4.10, 2.5.4] that this parameter arises from a unique parameter
(;~5,rv~: Lg, — TU(n)/F,(C). By [51, Theorem 2.5.1], there is a local packet II, associated

to ¢r,
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By [51, Theorem 2.5.1], because 7 is cuspidal automorphic, any representation © = ®,7,
with 7, € II, is cuspidal automorphic on U(n)/F.

Let us describe in more details the parameter q@m at a place v | co. Associated to m,
there is a parameter

Pu - LLH = (CX — GLn((C)
that is conjugated to
Z diag((z/g)&,v’ e 7(2;/2)>‘n,v).

This parameter is conjugate self-dual with respect to the standard orthogonal form given
by A=1d.
Using the recipe of [51, Lemma 2.2.1] (observe that (—=1)"1p,(w?) =1), we deduce

that the parameter ¢, corresponding to I, is the nondegenerate limit of discrete series
parameter given by

Lp, =Wz — "U(n)/R(C)

2

with ¢(z) = diag((z/2) v, -+ ,(2/2) ) x 1 and ¢(j) = ®,, x c where j € Wg \ C* satisfies
2= 1.

O

Theorem 9.7. Let m be a weakly reqular, algebraic, conjugate self-dual, cuspidal
automorphic representatioin m of GL, /L. Let A = (\; ) be its infinitesimal character.
Then m is automatically odd unless possibly when n is even and for all T, Ni - = Xiyn/2.+
for some ordering of the infinitesimal character.

Proof. This again follows from the results of [51]. If 7 is not odd, we deduce that
L(s,Asai’" 1" (7)) has a pole at s = 1. Let us fix a character x_ :AY /L* — C* verifying
that x¢ = yZ! and X—|Aj corresponds to the quadratic character of L/F. We can
define a twisted L-group embedding & : £U(n) — LG (for the Weil group form of
the L-groups) that sends gx 1 to (g, 'g~ ") %1, 1 x0 to (x_(0),x_"(0)) x0 if 0 € W
and 1xc to (—®,,®,; 1) xw,. for w. € W\ Wg. A similar argument as in the proof of
Theorem 9.6 shows that 7 descends via the twisted L-group embedding to an automorphic
representation of U(n). For each place v | co the parameter of 7, p, : L, = C* — GL,(C)
is conjugated to z — diag((z/z)* v, ---,(2/2) ). For m, to descend via the twisted -
group embedding, there should exist a nondegenerate symplectic form A on C" such that
tpy(2)Apy(2) = A for all z € C*. Tt is easy to see that there is no such symplectic form,
unless when n is even and \; , = A;4y,/2,, for some ordering of the (\; ). O

9.2. Automorphic Galois representations

In this section we again let L be a CM or totally real field. We first recall the following
result concerning Galois representations attached to regular, essentially (conjugate) self-
dual, cuspidal automorphic representations of GL,,/L (see, e.g., [12], [3]).
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Theorem 9.8 (Bellaiche, Caraiani, Chenevier, Clozel, Harris, Kottwitz, Labesse, Shin,
Taylor, ...). Let m be a regular, algebraic, (essentially) conjugate self-dual cuspidal
automorphic representation of GLy, /L. In particular, 7¢ =7V ® x and the infinitesimal
character of mis A= ((A1,r,  Anr)reg) With Ay 7 >+ > Xy ». Let 1: C :@p. There s

a continuous Galois representation pr , : Gr — GL,(Q,) such that

1) p¢ ~pY ®e""@y, where x, is the p-adic realisation of x and €, is the cyclotomic
p7'r71, pTr,L D X X X P y
character,

(2) pr,. is pure,
(3) px., is de Rham at all places dividing p, with 1= oT-Hodge-Tate weights: (—Xp,» +

n—1 n—1
Ta"W*)\l,T“F?) and

(4) for all finite place v one has

WD(pr,.|cp, )"~ =rec(m, ®|det\v%).

Remark 9.9. Our convention is that the reciprocity law is normalised by sending
geometric Frobenius to a uniformising element. Moreover, the cyclotomic character has
Hodge-Tate weight —1.

In the situation that regular is replaced by the weaker assumption of being weakly
regular and odd, we have the following weaker theorem.

Theorem 9.10. Let w be a weakly regular, algebraic, odd, (essentially) conjugate self-
dual, cuspidal automorphic representation of GL,, /L. In particular, ¢ = 7 ®x. There
is a continuous Galois representation pr ,: G — GLn(Qp) such that

(1) ps, =~ pY ®611)_" ® x, where x, is the p-adic realisation of x and

(2) pr,, is unramified at all finite places v{p for which m, is unramified and one has

WD (prlcp, )T~ = rec(m, ®|det [, ).

Proof. By the patching technique of [60], we may reduce to the case of a CM field.
Using Theorem 9.6, there is a 7 on the quasi-split unitary group U(n)/F, which transfers
to w. Moreover, 7o, is a nondegenerate limit of discrete series and therefore realises in
the coherent cohomology of a unitary Shimura variety. We can then apply the main
result of [56] or [22] to conclude. The point is that the Hecke eigensystem of 7 is a p-
adic limit of Hecke eigensystems of regular, essentially conjugate self-dual, automorphic
representations to which Theorem 9.8 applies. O

One conjectures that pr, in Theorem 9.10 satisfies the stronger properties of The-
orem 9.8. In particular, it should be de Rham with Hodge-Tate weights (—A, r +
%‘1, N "7_1)7 for A= ((A1,r, ", An,r)res) the infinitesimal character of 7o,
and WD (px,|ap, )F ™5 =rec(m, @ |det |U1 2 ) for all finite place. This has been verified in
some special cases (e.g., for weight 1 modular forms).

We can prove the following very weak instance of local-global compatibility at places

dividing p.

n
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Theorem 9.11. Let m be a weakly regular, algebraic, odd, essentially (conjugate)
self-dual, cuspidal automorphic representation of GL, /L with infinitesimal character
A=\l <i<nTe Hom(L,Q)) and A,z > 2> A7 Let p be a prime unramified
in L and let w|p be a finite place in L. Assume also that m,, is spherical and corresponds
to a semi-simple conjugacy class diag(ay,---,a,) € GL,(Q) by the Satake isomorphism.
We let v: Q — @p be an embedding and v the associated p-adic valuation normalised by
v(p) = 1. After permuting we assume that v(a1) <--- <v(ay). Let I,, C Hom(L,Q) be the

set of embeddings T such that LoT induces the w-adic valuation on L. Then we have

k k
Zv(ai) >3 s

1=1 T€l, £=1
for 1 <k <n, with equality if k =n.

Proof. We first reduce to the CM case because if L is totally real, we can consider a
CM quadratic extension L’ of L such that w splits in L’ and Resy/(m) is cuspidal (for
example, it suffices to take L’ to be ramified over L at some finite place vy of L where
Ty, 18 unramified). Now assume L is CM and let F' be its maximal totally real subfield.
We next explain how one can reduce to the case where all primes v | p in F split in L.
We can construct a totally real quadratic extension F’ of F with the property that p is
unramified in F’ and for all places w | p of F', w splits in F” if and only if w splits in L.
We may also impose the additional condition that F’ ramifies at some place vy of F that
is inert in L and such that m,, is unramified. We now set L' = F'L. It is clearly sufficient
to prove the result for the base change of m to L’. Note that this base change is still
weakly regular, algebraic, odd, essentially conjugate self-dual, cuspidal. The cuspidality
follows from our choice of L', it being ramified at vy. The oddness is another application
of Shahidi’s theorem that L(s7Asai(_1)n716(X°) (m)®xg ' ®x1//1) does not vanish at s = 1.

We have thus reduced to the situation that L is a CM field and all primes v | p in
F split in L. Tt is useful to make the further restriction that there exists a quadratic
imaginary extension Ly of Q such that L = LyF. We can achieve this by considering a
quadratic imaginary extension Ly of Q such that p splits in Ly and ramifies at a prime
g such that there is a place vy of L above ¢ that is unramified over QQ and such that =,
is spherical. We may now replace L by LLg, which is a C'M field containing a quadratic
imaginary field and 7 by Respr, (7).

By Theorem 9.6 there is a cuspidal automorphic representation 7 of U(n)/F that
transfers to 7 for the standard base change embedding and is a limit of discrete series
at infinity (with infinitesimal character given by A; see the end of the proof of Theorem
9.6). The result now essentially follows from Corollary 7.7, but there is a subtlety in that
Corollary 7.7 applies to the group GU(n) and not U(n). We will reduce to this case.

Let Z be the center of GU(n). We observe that Z x U(n) — GU(n) is a surjective map
of algebraic groups (U(n) is viewed as an algebraic group over Q by Weil restriction).
Let ¢ be the central character of 7. Let ¢ be an extension of ¢ to an algebraic
automorphic character of Z that is unramified at all places dividing p. We claim
that the cuspidal automorphic representation 7 admits an ‘extension’ to a cuspidal
automorphic representation 7’ of GU(n) with central character ¢/. We explain the meaning
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of this ‘extension’. By definition, 7’ will realise in the space of cusp forms with central
character ¢ on GU(n), say 2Acusp(GU(n))e. There is a well-defined restriction map
res : Aeusp(GUN))er = Acusp(U(n)). and we say that 7’ extends 7 if 7 is a constituent
of res(7’). Observe that the very general result [35, Theorem 4.14] implies that w
admits an extension for some choice of ¢/. We will prove the slightly stronger result
that in our case, for any choice of ¢’ lifting ¢, the map res is surjective. Our argument
follows [11], which proves a similar result under slightly different hypotheses. We take
¢ € Aeusp(U(n))e. One first extends ¢ to a function ¢; on Z(Ag)U(n)(Ag) C GU(n)(Ag)
satisfying ¢1(zg) = ¢ (2)¢(g) for all (2,9) € Z(Ag) x U(n)(Ag). We then extend ¢ to a
function ¢ on GU(n)(Q)Z(Ag)U(n)(Ag) C GU(n)(Ag) by letting ¢2(yg) = ¢1(g) for all
(7,9) € GU(n)(Q) x Z(Ag)U(n)(Ag). To check that ¢ is well defined, it suffices to prove
that GU(n)(Q)NZ(Ag)U(n)(Ag) € Z(Q)U(n)(Q). This actually amounts to proving that

Q*nNv(Z(Ag)) Cv(Z(Q)), which follows from Hasse’s theorem that in a quadratic exten-
sion any local norm is a global norm. Finally, we claim that GU(n)(Q)Z(Ag)U(n)(Ag)
is of finite index in GU(n)(Aq) (the quotient is dominated by (Q*Nz, /A7 )\Ag). We
can therefore extend ¢o by zero to a function ¢3 defined on GU(n)(Ag). The verification
that ¢3 € Aeysp(GU(N)) is made in [11]. By construction, res(¢s) = ¢.

Because all places v | p in F split in L, we have that GU(n)(Q,) = U(n)(Q,)Z(Q,), so
we deduce that 7] is spherical at all places v | p. Moreover, the Satake parameters of 7,
and 7, are related via the map on dual groups @) =Gy x GLIFY IT(;) = GLI Y
(which forgets the G,,). There is a similar story at Archimedean places and we deduce
that 7/ is a limit of discrete series. We may apply Corollary 7.7 to 7/, and we deduce
the validity of Conjecture 4.7 in this case, which is the inequality

1
Newt, (x) < Z —wo (77 - 00(K,1)).
‘F/StabF(OO(I{,L)” ~v€T'/Stabr (co(k,t))

—_—

We project this identity under the map GU(n) — U(n) and then further via the map
GLIFU 5 GLIF @] for a chosen prime v € F below the prime w € L. We can now unravel
the meaning of this identity.

The local L group of Resp, o, GLy is GLLF“:QP] x T where I' = Z acts by permutation
of the factors.

The Satake parameter of m,, = 7, is given by the conjugacy class of diag(as,---,a,),
and via the Newton map it goes to

w(v(an)v T 7v(a1)>[FU:Qp]

in (P;)F where (P7 )T is the subset of T-invariants in the cone of dominant weights Py C
(R™)F%:Qe] The projection of the infinitesimal character is (\;,),ez, and the average

Z’yél"/Stabr(oo(m,L)) —wo (- 00(k,t)) gives

[Fle%](Z —Aa,ms Z ,/\177)[}7”:@1)]'

TELy TEL,

The theorem is proven. O
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