Equation of Prolate Spheroid in Spherical Polar Coordinate System
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Abstract
Here we obtain the equation of Prolate Spheroid in Spherical Polar Coordinate system.
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Prolate Spheroid Equation

As you know, a prolate spheroid with scales a = ayg > (cy = bg) is obtained from the whole
rotation of an ellipse with semi-major axis ay and semi minor axis by around the a, axis. Now
we want to obtain the equation of a prolate spheroid in Spherical Polar Coordinate system.
Consider Fig. 1. In this figure, a prolate spheroid will draw from the complete rotation of the
blue ellipse with scales a, and by around the x-axis.
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Fig. 1. As shown in the figure, the blue ellipse is on the horizontal plane xy. From the rotation of the blue ellipse

around the x-axis, a prolate spheroid will build. The plane A is located at a vertical distance g from the origin O

and is perpendicular to the x axis and we call it the spheroid Directrix plane. Where € is eccentricity of ellipse.

In the ellipse in Fig. 1 we have [1][2]:

F,P T

QP ~ d +rSinfCosp ° M

Where €, is eccentricity of ellipse. In this equation, QP is the vertical distance from point P to
the spheroid directrix plane, namely plane A. This plane is perpendicular to the x-axis and its
vertical distance to point O is equal to a, / €,. d is the distance between F; and B (point B is
on the plane A) and we have: d = Z—Z— €0ay. Equation 1 is valid for all the points P on the

surface of the prolate spheroid, due to we can build a prolate spheroid by rotation of the ellipse
in Fig. 1 around x-axis. In equation 1, rsinfcos® is the shadow of F; P line on the x axis and
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is written in Spherical Polar Coordinate system (7. 6.®) based on Fig. 2, because the spheroid
is a three-dimensional object. d = ? — €90y and therefore, from 1 we have:
0

r —1€0SinfCosP = ay(1 — €5) )

This is equation of prolate spheroid in spherical polar coordinate system when the center of
coordinate system is on F; in Fig. 1.
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Fig. 2. Spherical Polar Coordinate system
Conclusion

In this article we used from the concept of Directrix Plane of a prolate spheroid to obtain the
equation of prolate spheroid in Spherical Polar Coordinate system. It’s clear the concept of
Directrix Plane is useable for ellipsoid and subsequently oblate spheroid. Directrix Plane
seems to be entering Geometry and Mathematics for the first time.
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